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IkliJi (JjulujI 


Mathemoticol Preliminaries 

and Error Analysis 


ODAiLO 

i V i P JaA-j a Ji ;jjj iaj jj ^jJl FV — NRT jLijl (jjjli) 1 ■ --‘j ' 

' ^ 

jlouuu i I aia jlJtll N dj^ijiil £^j 

T" ^ -■■ 

,^UaJ| jjLlii ^ kllJLj lj 

jiJ .4JL>- ^JS ^ jUJi |j^ Uul 

IV 

Oj^l ^ JjJ (ji5 

P= 1.00 atm, F= 0.100 m^ 

N = 0.00420 mol, R = 0.08206 

3UJI 5j^>> 5^jJ o' j'^' U>’'^ 0! 

1% 


T = 


PV _ (1.00){ 0.100) 

m ~ (0.00420K 0.08206) 


= 290. \5 K = 17°C 


,15^ C I LLjlS LjjJlcj 




^Loiu 4 5 J O^J ^ ^ 

OjljJsJl ^C>jJ i 4,-wiij- 


jAj /? j A^jS^ ^|j3kI^^L 4^j, 30JI -i — saj j'ilj 


PK |J^L> ij\ Ujj jj-jJAc.; j4-> 

•19® C LJ* 0^1 OjljjJl 4^jj 0* ^7®C 
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2 


; jjJlflJl fjL> ij^^j I* siJj5t — JL 9 ^lill jLAJI jl T" — yJiljil j — oj 

I J I J . i> 1 ^ IJu iJjJSi Lia^l (jLS" Ijj Lfi wj L*sij^ LuJ I aJl>La^ L>J I 


r 






3 O jUaJ I iSjJl 4-^jJ jL>JiJ>J LiSuoJ hsLUiS" j__j*^l 

.jljill tj-fJ Ua-> 

'Ll **JL-^J1 ^ J^ljJl Lla-^l J-a1>J ^jI 

y* 

.(2.1) J-^l 


,(2.1) J-aiJl (28) jjjj*l)l ^ JjLJI JjjLjJI las 

JM 

h 4-9 k4JL>^(J) I— ) f -! H 


J'il 



.LkiJ 



.jlac‘>u 
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jJ^lAJUIg 1.1 



.JjLSjlIIj ^Lijjl 4 — «i!jJ Jul£ 4 , SJljJj Jl iL^L^JiJl jJ&Uj J. 


4jjJuJl — JL^ L 4 _jL^ X 4 iji T-a 


>J1 JfJLC 


lim fix) — L 

x-*x^ ^ 


LJ>ll /Ul^ o>4i 

a 


5 > 0 J-w= j^jd i-£ > 0 ;j5d^ u’^ tj 

0 < |jc — 


Xf) 


<6 , X e X L*jIs I/U) - ^I <£ 


.(1.1 Ji-i jk;i) 


11 i^J_SZJ 



1,1 iJ-fv-UJ 


^ -'• ■■^ ' i- ^ '• A. J. V j 
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y SJ I jJ I i -XQ ^ ^ ^ ^ 4^^4JUaW I J I JuP '^1^4 



iijA^ 4 II J f |j[ — 1^1 

JlS Ijj Xq -U^ 4iu3uU 


iim f(x) - /(xq) 

X-*XCi 

H Jo£ 4_L(aj4 dJuLS^ Ijl JSr 4 JLc3ul0 f iJljJl qj^3j 

1^,5^ Ojjii' X ^j5u LsjJl^j ,X ^JLj jjJ I JljjJ! C iX^ ) jr-SjJl 

-C [a,h] y>J^ [a,b] ‘uLLUf Sjiijl ^Js. -LLaill JIjSJl i>c 

.ibU-p ^Jbjisw A^jll jl iwijAJj 


^1 jIj^I iJl-LLo ^ /7 = j ^1 3.1 V-QJJ.5ZJ 

JJ-P JlJv^ £ > 0 0^ Ijj X J^llliill ^i^jlftjLj ^ A' 1 iJLjLLflJJ 

ji > N{t) Ujile |x,; - x| < £ <tj^ N{s) 

jyj\ 

}j — ^ oC' LojjLt Xyj — ^ X ^1 lini X|| — A 

n—><^ 

.X ^1 ^jLjiXj iJLixll 4jl 

IjL^I ^ji Xo e X jlSj *X A ^ A lij f (wZj jIS* IjI 4.1 g 1 tt\ j x o 

c 

,Aq jJl^ aJ^uOlLh j ,1 


2,1 xOjjl5^ 

.i- 

L5^ 1 J lJuJ I Uj cu j jiis jijjJ 

I J I ^jj^l ^ j-'j LJLi .ik jj 

1 J i7t & jj? LJ I ^jj_fiJ I ij ! I J i J 

jJ I 4.^LJI lJ^ '3 

T+ ■+ nr 

jjjIjJij ^pJ ■JUaj'^'lj oL;^i p ji j; g 

Jj^J (1S21~1SB1) 
^L_lj1 ^ (iei5-1897) 

_jJL£. 


Cj\^ ‘-^0 ^ iJllIjj i^\ 1 13 1 *V 


lini^^^/(xj = fix 


J->J I IjLa ■ A ijJjuJi ^IjJaJl L^Ji-^'i ^,i"i I J JljjJI o< 

.Jljlj JsliL} L^JiSl^ 4 - L^ jlI I lJIjjJI ,lJ|j^4 l^!j! j jua JJ LlLI j IlI I 

f i- 

, L» aJ Ljjii ^ j^j>Jl jls^ cj ^1 ^jJfj Lw 4-ij3Libl 

,^J-,^I Aj^ JjJL> ^^1 Ljjhcu? ilUl Jj->- 4-ij_> jSS^^il dj Lo3 IjJl 5'^' I ijjj 

^13 ijllSl dJj (> J^i j^l J^ j^UJl j. d.13 iJljJl o]j 

, AA^^rJ I |S-J|. g.tflO ifli jAjJ I ^ [ " J 



4 e 


jJui jliJL-5t>U 31.19 / 3j!ill ol : Sri^ 5 J£ ^ 3i>* 3J|j / jl 

/(z) - /(xo) 


5.1 


Xq JulC / AAli 


vuJLQ 


J JlaJ I 


lim 


ilS' Ijl 


X — X'o 


■ .X jJlc jIa.",.j’>U 3 JjL 9 CjjH Ijl X Ic^^jjj^l 4IL9 J 3 JljJI j^Sjj 

++ 

JiusJl ^ U5 ixQ, fixo)) y=iUl jOis /^yL>lL ^^Uil lo- Jx* ^ X(, jlJlA / 'iJljJl iilJu jl 

!■ 

.( 2 . 1 ) 


■ '*. Jr*. . 
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2.1 


■ jjuc ./ Ali ^^0 j-Lc aIj U ./ 'il 1 jJ ! LS" I j I 

w W * t 

I '*l\ I I * ^ iJIjJlH 

*■¥ 

.C‘"{K)y)\^^X Js. ^}\ cjLftii, 4J JljjJl (>tj .C"(X)>^JL 

C™ (X) L^JS > AjjurfjJI JljjJlj ujjju>JI ^1 

i^jL>u LjljIj *<JIjjJI J I I ^ ^ i_i._!Lju <Jlj j_^ 

ww b 4 

.^^L*JLS" ii_ii_i5_>Jl jiAP'il JjL> 5 jjl5 LjjJlp jj^j^i cijl* 

ikZ^ L^^isuJi I OjLfi I jjLlJuljl 4 4J4L&I ^13 4^^! i^Ljjifi^uJl 

■-h 

jji LfJl g— ^ 1 J-aijI Ijj ^_yfl jS'jJ jj ^Ij I — ijvugfc ^^LilSIj 

•g^j J-®^’ 

Rolle's Theorem J gj qJLOi jj-d 

L(a,fa) ^ Ujli fee [a, ;j] exits' I jl 

,/'(C) = 0 Sjoill ^ c jxc 4Jli i/'(a) = /(b) cxiLS Ijjj 

** 

m .(3.1 JS-S ^1) 



6.1 OiJ3iJ4I3 

ws^LvJU sIl 

! ^ ^ J J ir 


^Jj -A-^l-fl 
pLt cLjj ^Js j 1.(1652. — 1719) 

^2jI_jIaj ‘L^\1^ ^ 1691 
Me'thode pour 
re'sounder /es e'gaiifes 

J ^LftUI 


'! 


Ja, ' •.= -'. I 

c> 


' 3 — i^j 


\j^\ Jjj .p.^, 




jJljiJl li* 


7.1 Q-lxbjL^ 


3.1 J-S_UJ 


^ ■-...■^1 ^ Jr *' ' .^-. 
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Mean Value Theorem q ^bi^ LJLj^l oAjrtj_^ g 1 a i rh j i p 

(a,b)l^\ j C jxfi <j \3 (a, b) Jj iLLs / ^LS’a /' e Cf«, /?] ol)I 5 I jl 

^ /(^) - /(^) - 
■ I (<'■) = — } O^. 

b — a 



^ ji ^ h 



Extreme Value Theorem oi l OoJiiiJI 


9/1 qJLnij.^ 


/(C] ) < fix) < f{c2)^^ C] , f2 6 [a, h] oLa / e C[a, b] c^LS I jl 

ol^i^.b) ^ ^li/ c^LS' Ijj .duJj ^1 .x ^ [a,h] 

3-jjLwj 1.^^ C 2 j c\ 

M- 

■ .(5.1 J£l^ ^\) 



5.1 iVi 



(i. ij ojjljJfcJ I p , ; 




J jJ !■ ui;j Lj-j Lj jJ I I jj 




JLaS aUu Jol^ >; 19B0 uuLIaj ^ 

( J ^ ^ (w 


. 1970 ^Lljjtj — Jl ^ tjli' 

ij-^—^J Ll^l^ ^3 — ^ C — ^ u' — 

.MACSYMA 



.4^jiiLll .3 U LolS^ LIajLjl# ijLS^ Maple 

‘ lS J r^ (CAS) 



. (1) jLill ^ 


U^\ 


4 m* * 

JLw^ 


L>JI jl 



\ Ij 1 J ^■- 1,^ 
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/(jc) = 5 cos2jc— 2xsin2jc 4 JIUJ |/(ji:) | Maple -I 

.[0.5, l]j[l,2] 

I aljL>dwl Mople oL>LSindU IjUipU^j 

^ -ii ^ +1 

^ - 

>with(plots); jjil 

. I ja I J I li 2 U j J 

jLi-jb f 


>f:= 5*cos(2*x)-2*x*sin(2*x); 


Maple j| 


/ “ 5cos(2a')— 2Asin(2.v) 




uKuj'ii 


>plot(f,x=0.5..2); 

i[0.5,2] Sjjill J^£. f ^ 

^ w* 

^ [ 5 j LflJ I J-* siLjJ>U' i 3 :^ jft ^ ■ ■ ■ ji 1 1 4 la> 3 J 1^ I 1^ Lu I Jl^ I Jj X>3 Lu 5 laj 

J i^LuljL^I - J. -^ 1 -^ 1 ^ I SjliJi jj 

ik iHk 

i? 

I cijjs k LAj I (6.1) JkSL^JI J ^ i Msple LiIaJI 

M 

kuLuljL^I 

yi 

>g;=dimf,x); lj? = f' j/i\ iliiil ^ [1, 2] 5^1 jb. : 'ijl 

Maple bUlaxj 

g :——l2 sin(2x)-4A cos(2a) 


jl JdJulC 


ic ■* I ■< » < 


] <x<2 gW = 0 
>fsolve(g,x,1..2); Jj30^b dUjj 

/(1. 358229874) = - 5 675301338 1.358229874 


>evalf{subs{x=l 358229874, f)); 




./( 1358229874) = - 5.675301338 ’1.^ 5^ ^ j! 


* Lo Xll3l ^ >1 U * 1 1 jj) |jLjy>^'^l —I " ^ "t L-dS 


ll^\ oM / ( 2 )=- 0.241008124 j/(l)=- 3.899329037 


t3J 




jiJaj ^ Lp JwAaJ'sJ 

^ 3^'y^3 

LSj . J JaJ 1 id I I J-*JJ Lill 

ijJj^ JjiLuLo A Aj^ 

li ,JU ^jJu3l9 ^ A l.i.^ Lj j ^ iVCL^LJI 

' ^ O ' = ^ 

■Lj'_j^ Ij^ ^ 3 ^ ' L>® 

== f 

*>vi^ u^. ji - 7 ^ ' jij^i 
^ Lj_^Ujj . J-JuU 

. 2 p Lj^J J i_uf 3. ■ ^ >. 21 x 4 -xi . iji <■ r- ' J 1 4 

“1 ^ _rfT 

t I b ■ J .1982 p L_^ 
" LU" .Ui; ouLJ Jl 

’ J 

,[CGG6] 1983 ^,U .ji jB 


\ Ij _ '.^ jpAJ ^—J 
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6.1 


max |/(x)| = max |5cos2x - 2xsm2x| = | /( 1.358229874) | = 5.675301338 

1 < A '<2 l <\<2 

JLi-jl 2JJj LDLi 0.5 < X < 15 ^1 ^ g(a:) = 0 Jj- Ujji U Ijjj 
>fsolve(g,x,0.5..1) 


Maple LuLliuj 

fsolve(— 12sin(2x} — 4 acos{2x), x,.5„ 1) 

.[0.5, 1] 5jIiJl Jis. Jj. jL^I > [>J Maple J li* 

0l / (1)=- 3.899329037 j / (0.5)= 1.860040545 o' 


max |/(x)|= max |5 cos 2x - 2x sin 2x| = | /( 1) [ = 3.899329037 


jjUuj JjLSj ysj 0 5j_j.*aj JjL£jJlj J«c>lijJl ^ ji-l 


ijjj 4 jI^I ys [a, /7] ajjill f illaiJ oWj 10.1 »^>sJ 


/ 


n 


fix) dx = lim fizi) Axi 

max A.Tj ->0 ~ — ~ 


'i, 1^ -1 ' 1,^ a.. J..V j 
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ljj> .[fl, 

i[fi, fc] Jlx^I 


X[) < X\ < ... <x„ = h J-XkJ -f,,) jlj e'^l >± 1 -^ 

Sj Ll V j jic (^1 (^Zi) 0 — Ij 2 , . . . , w) ^ AjC( — Xj Xj- 1 

.Ui- 1 , -Si] 

jjLajj 15AJ iljlS [^^3 5 jjii I iLiaHi f i) I jJ I i.2ju lA I j j 

^ Xj' ^ Js I J Lj i_l LiIL^J I --■i^ LjJ — " ■ -J I 

iJLj>Jl fiiis . (/ = [,2,...,n) JA) {Zi = Xj) jLa^Ij 

w* 

~h h Cl ^ 

f{x)dx= lim 



a 


/?— fi 


i= \ 


.Xi = a + i{h— a)/ n ^ (7.1) ^ ( Xf )jljj:i^l cl 



^ ^ '*■ I ■£*, -^1 1 ^ I 




1 ^^=^ ( 1826 - 1366 ) 

■i“ 

^ ^ JL^q C CU'')i^uAL^ 


^ jiJSil ^ JiSj t 

^ii “ ..i-j igll ^ 5 A ji g 0 

"* 1 ? , 


■ p 




lx' I 


7.1 ijAjjj 


'iijjjJI ^ iiiJXjJI UfJl 

1. 1*?"! I i tit <-.■ I iLeuudl 4_li& . « J3 V 

W w ^ ^ Jr 


Jx)lA liU^9j'94>JI^Ul;i4i^ 11.1 qjLHij_LD 


g(x') -.xjjlSj :Ui, b\ S('^) J-«L 5 lj jLSj / G C [fi, h\ iXijlA Ijl 

( 3 ,fj) ,y C jjji Jj^y -uLi [fi, h] ^ Lpj^! 

ri-h 

b b 

■ j f(x) g W t ) [ g W 

a a 


il r^jjUJI JjLSjLJJ jJ I LsuaJI ^ (11.1) jli g(;t‘)=:i 

+4 



j ■■•> ■■^ 


'■ 145^ 




' b 


X. 


/(C)- 
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.(8.1) j ^\ 



I j i I Jtad LStHl Iji JU® LajJ I 3 j Lp ^ 'JL>J I Lil I A. aa jJ I l=flkS" 

oLfDI J-aj jji Jj (f, /',,.,) JljjJI Jlllo _pJ Jjip Jjj 4lajfo (3*JaIj L^L^| yiwu 

•/■'"-” J ! 

Generalized Rolle's Theorem 
/ ( X ) jl < |jl .( a , b ) 0 jaiJI ^ 3\ lLz%i JaL 5 / 

^ C JJ-P Aj \3 i[^^f f >] 5 ^ "all ^ ^ JCq , - . . , Xf ^ dJlliJl jljuP'il ^ 

IF! 


(«) 

,/ CC ) 


OjLJiij 4 iJ pg I g ■? 1 

C[a, />] cji 
■’ (^+1) 

0 (a,b) S_pall 

^ ^ ^ L<ul.4jl^ I g ^ ^ ..1^1 1 4.^_ylJl 4.^*^ I 

k _ jj 5 ^ ijLajJI - jLj^I 0 — .Jjliillj J ...<3 Ul]l ^ i ^ jL * jjL , jLk ; ^ j \ — > 

' n .» ** “ V—-- 

-< [Fu, p.67] Jlill J^ ^ >Jl) . JJ^i 

Intermediate Value Theorem qjJoi 4 JjJ 9 JI QjjxaJI qJ_nijj,£ 
{a,b) ^ C JJJ Jjs'ja <JU f(b')^ f(a) c>^ Sj Jj— ^ iil K ^/ e C[a, b] ^^15 Ijl 

■ ./((■) = ATLia ^ 

liib^ , 4.jla.j— *4^ jJ 1 ^ Ajel I JJjJl Ju>-I (9.1) jl-i— *lJl 

*« ** 

\s^ ^fjUju^l JLill 



8.1 JA . 


JJU 


12.1 


13.1 ^ LhhJJ ^ 


9.1 J^SoJLJ 


^ ■-. ^ ^ 1 .i-. J..^ J 
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f {X) = X^-2X^ +3X^-1 ^ ;[0,1] SjjiJl ^ Jj>- X^-2X^ ^-ZX^-l = 0 iji 

0< 1 = fd) J /(O) = - KO u‘^1 

0 < A- < 15 jliJI ^ X J J y>j ^ Xfaif yl 4-i^1 ijl^ wUjJ , ^Ju^aoj f ^1 OLJ 


,X^- 2 X^^ -\- 3 Z^-l = 0 


J^jJl>JI Jl>JJ aJ_Vj*ju A-fJsL^ jJ I ijl L-i^l (2) jLill J I 

^ -M 

,{2) I— >LJl ^ii!j *cJjJl>JI ^ JjL-jJI! 

M M 

.(Taylor) j^jIjIjlI J^J->JI kOljfJjLS* ■ OJiA 

Joij9i!^l a}u£^ ‘i>jyuou 3J_a JjJ_^l iJlj 


■■ ife 


► ■ 1 _ * 


Taylor^s Thoerem jg-uU 
x^ Jjj-lc [^,b] j ^[^,b] jr(^^-\-^) ^ij ,/ E C”[a, (j| 

j /(a) = (a) + R„ (a) Cip^ X j) Xo o^ -J^>! 

(n) 

fXxo) , / (^o) 

Pn W = f(.Xo) + f ' (Ao) (a- Ao) H (a- Ao)=' + . . . + (a- Aq) 

n 2! 


= Y.l^lS^{x_Xcf 

k^O k! 


fl''+‘>(P(A)) 

RnM= ^^(A- Ao)"+’ 


(n+ 1)1 


3 


i^l R„d) 


P„ (a) 


!_j iXo J_j-> / SJISU n \J^ j_jLb Jjjjv a 

■^fi W -i (^ia2Jl Lki. jl) 

■f- f 

JjJ->Jl La^jut ^ jmii >o T i^,5^ J 4 i JJJtll ^1 Ujj 

ijl CJ^ -;r ^ 5Jlj 

SijyjSLj ^(^X) ^IjJl 

-X 3 Xo ^ ^3 ‘ lP^ -^3^3 i>-^ 

UjulC " (^(a)) 4j^ J^ji*Jl Ji,>Jl cjL*a^ 3Jjb»ui 4 jJJ*J| (JSL— ^J_>| (jU 

.ojIjsnlj 5 JB -T 

^Jujiw ^ > ctf Lfl f o L^ jJ^ I Juu^ L^jJ^ I ^Lw L^^ifU I i) ii^^JLiJ I ^ j 

^ Ol^ <*xo~o -Xo Jj->- / 

.Maclaurin ^jjJ5La 4JLw-Lu jjJ-eb iLJ^ U BjLpj ,^jjJ5U 

plj->CL^I ijM ;^!-lSl ila->Jl ^1 ^ ^iwdl Ua3>- 

4X.jJL*^, x_jy jjuj 4juu j1 

(f) 

^j3o — .^1 ^ i Xo “ 0 f(_x) = cos X i!l jJJ iillU I i^jJI jj-JjLj jjj — ^ 5j_^ 

.cos (0.01) ojls jjJl^I 


14.1 alx&j4i> 

—1731) <wA.i3-j 

^ 1715 >l£> iL-d-Jl sjja (1685 

hB ' 

"‘Wiethodus fncremento- 4:iJllg 
rum cflrecJa ef m versa” 

4J J J^ Lg^^J I 

ji. I.' ^ j.i.i' I i_5 jJ Li^ (.iijJ j 

I* 

C>iJ^ I j O j3^J^ 


ijjjjJLSU cJj— ^ j4^l 
^ ;ti1jJ,l iSL (1698-1746) 

W' 

jJ I ^J^LijJI i_jLj_>- 

!jji iji'L-^' LaJ_Jui i (2>j j_^ ijjJj 

J.S ULJ .^F 1 L ? I Lu3 

V "■ ^ ^ ■ X ■' F ’ 

U-JLJ I cp'.j^J^U ^ 


tJ^I' JL^ ^^15 

j^\j^ ^1 ^ iJutli 

,1750 i^U y ^\ 


^ 1.^ 






■4.1 J..V J 




3 


n 
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/ 


0 


0.1 

cos X dsf 


I jiuJ O Ja ^ I LJ I Jl>J t j LjlJ I ip jJ I ^ J ^ 




4 JaJi-^Uj .71 >0 J 5 J CA^ ^ 0 ^ W 

f (jc) = _ sin X, f" (x) - - cos X, f" (x) - sin x and (x) = cos x 

O' ^ 

/(O) = 1, /'(O) = 0. /'" (0) - -1 and /'"(O) = 0 

Ip 

Oj^ ;r(, = o J /z=2 (t) 

^(x) 


cos x - /(O) + f'{Q) x + 


/"(o) , , r\^m .3 

X + 

21 3.1 


X 


1 . 1 . 

= 1 -\ sin ^ (x) 


2 6 

( 10.1 jl^l) .X J 0 ^ 5 jU) jjjs^ ^(:t) (jf 



. 0.99995 ^ ^ciJI cos ( 0 . 01 ) op 

^ \ I iapji. I L^ I J^Jk] I j I « 1^*1^ I LLl^ ,j I j 


10 


-6 


-sin^(0.01)= 0.16 X 1 0" Sin 0.01) 
o 

'Crfij oipy) lSjJJ JJaJI 0* 0.16 ^6 ajL> J ,.Jl Jai>Jl 

M- +4 ' 

L ^1 

wJLJjp I pp 0^ <_9j— *J Uulj t sin ,^(0.01) X)Ju3i^ ^ ^ ^ -•* ** U-J I ^ I ^ ^ 

cos ( 0 . 01 ) 0.99995 ^L^UJI iLiJl dililj .[-l,l] SjIiJl ^ ^ 

fc * * W +* 

cos(O.Ol) - 0.99995 = 0.16 x lO'^’ sin^{0.01} < 0.16 x 10"^’ 


10.1 ['ii 


^ ^ ^ 1 Xl M.\.M 
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COS (0.01) kZjLL^I ^ 0.99995 Ijl 6 I ^ ^ j 

0.99994983 < 0.99995 - 0.16 xjo ' < cos (0.01) 

< 0.99995 + 0.16 xio '^< 0.99995017 


^4-3J a 


l^j-> UajJI (>, Jjj£j J^l UajJI (jj 

■ X ^ I sin^(O.Ol) I < I I il>^^ .| sin|(0.01) | -ujaU (t_ ^ j».^) 

i-lLtAJl sin^((}.(}I} ^ 0.01 ijl 4ji_iiL^ |i I j^^CiLd- 1 IjjiLSLflL^ iO ^ ^ ^ 0.01 ^1 Loj 

.ai6 X 10-^ ^ 

Jjj> ^^LJl j-> ^ iilLiJf \j^ jJ^^' o!-^ / (^) — ^ (^) 

Xq — 0 

I ] ^ 14 L/ \ 

COS A = i - + “A COS^(a') 

0.99995 


ur ’ 


^ o5«il Jjj^l ^ .0 < ^(x) < 0.01 ol 

LljjJ jjjSj X juaJ I cos ^{x) I < 1 (jl LeJJ .jX^ J -<^1 OJ (j^'l UxxJ jiJj 


^x^cos^(x)|< :^(0.01)'‘(1) < 4.2x 10 


- 10 


cos (0.01) - 0.99995 <4.2x10 


.-10 


JJD: 


0.99994999958 = 0.99995- 4.2 X 10 


”10 




J 


< cos (0.01) < 0.99995 + 4.2 X 10"^" = 0.99995000042 


JxL>aJl jLill (jj i5siijx>- Jji j-six 

** 

.SLLsj SJLdij wu 

.wu^l LLJkJ x > jL>oI (ii) 

. A-ulijl j^^SJ iJ^ (ii) i— 3^IJa.aJJ 5jL>j >— i J^-g 1 iSJLjJl 

^^JaatJ iULUl J^\3 Ij^ (^) 


p(].] M)A 

I COS A dx - I 

Jq Ji) 


1 

1 — -A' 
2 


■o.i 


dx + 


x ^ cos ^(a) dx 


24 


1 


nO.l 


3 


+ 


Jo 


1 . 0.1 

24/0 


A^ cos^(a) dx 


1 1 ^ 

= 0. 1 - -(0. i)'* + — / A^ cos A(a) r/A 
6 24 io ^ 


r"-' I , 

f cosxdx ^ ai - -(0.1)-^ - 0,09983 
0 6 


AjJlIPj 


.'.A\ i«u 






' ., x. M b 
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ij^ LSJj 1 9 ^J^ LqjlI I q_S 2 L:pi [j-Q m 1.1 


I cos ^(x) I ^ 1 U jsl jjJjLjJ L5lj ki^JL? jJLiJ I LLl^J I JL>- JJl>j 

I M M 


24 


X‘* COS^(;ir) 


0 


1 


24 


;r'*| COS^(;r)| dx 


1 - 

< — / dx = 8.3 
24 Jo 


X 10 


■B 


-a JjLSuLLI 4a^I Ujj 


i 


0.1 


nO.I 


COS X dx = sin x 


= sin 0.1 = 0.099833416647 


Jo 


.LL-aJl jl> 1-8.3314 X 10 ^ ^ li-^ LLsJI 


.(3) JLllI ^ CAS a!j_>^juj| 

>f:=cos(x); U5 / i_s3*J 4 Maple slj.ia_jb 

(0 lai Jb^iWrnJj j.ln— .*1 IJLaw OJJaJ- 0 o[jl^ ,.».j Mspls ^^1 

4 lj.ij.rfb jjJjb jjjjfc SjjjS J.rfp.>J JLiil J.j.H'j .Maple obbjJ™>l 
>s3:=taylor(f,x=0,4): p3:=convert(s3, polynom); 

(3 ^jb Xq = 0 '>3^ ■*-^’ s3:=taylor(f,x=0,4) 5jL_^l j| 

.LfJ -M4* 

.^Ul JsljLrfb p3 jjjjJl 5j^ ^1 s3 4 JL.JLJI p3:=convert(s3, polynom) 5jL^ I 

■T 

J^jLJ i ^ iljjLO 1 1 

mw mm 

>Digits:=1 1; 

Jj> |/(0.()1) - P3(0.01)] J /(O.Ol), P3{0.01) 

>y1 ;=evaif(subs(x=0.01,f)); 

>y2~evalf{subs(x=0.01,p3)); 

>err:=abs(yl-y2); 

yi = /(O.Ol) = 0.99995000042, }>2 = /’.i{0.01) = 0.99995000000, b^ lls 


|/(0.01) - P3(0.01)|= .42 X 10“^ J 


>plot({f,p3},x=-Pi..Pi); 




JjI^IJI jjIjI j| 



>q1 ;=int(f,x=0..0.1); 

>q2:=int{p3,x=0.,0.1 ); 

>err:=abs(q1-q2); 

^0. 1 ^0. 1 
q\= / fix) dx = 0.099833416647 , qi= I 

JO Jo 

.0.833 14 X 10“’ = 8.33 14 X lO"*^ tjljio 

I 4 — .rfij s^LLs-l o'^jj ^_5— 3 (v) } (b il«— ul 




Pdx) dx = 0.099833333333 
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^ ^jJi jij Uijj& j^ij 



jSjj .ISjJI ^ ^L_ajjL>u 

£ -Hi 

_U^I U«»J J-> OwJil aSs- jJ^ 

^ ++ jf * *+ p _J ++ +41 


EXERCISE SET 

:iUA*-ll cjIjIiJl ^ Ji^l jjvlj L^J i> C4^ 

[1.2, 1.3] [0.2, 0.3] xcosx — 2 .t^ + 3.^ — 1 = 0 . 1 

U.4]^[l,2] lx - 2f-~ ln^= 0 .w 
[3, 4] j [2, 3] 2x co%(2x) - (jc - 2)^ = 0 - 

[4,5] ,v- {lnx)"= 0 ,j 

; ‘Ljj'il t.5^ -2 

4a-^- = 0 " X- 3-" = 0 .1 

* 

+ 4.00 1 + 4.002x + 1.101 = 0 . j x’ - 2x^ - 4x + 2 = 0 ..- 

c 

;5lkAll DjjiiJi ^ 5jsj>lj 5^ f'M Cj^ .3 

M 

[0, 1] f{-^) = \ - e"" + [e - 1) sin((n/ 2 ).t) _ j 
[0, 1] ,/{a 0 = (x - 1) Ltinx + X siiinx ^ 


[1, 2] /{^) = xsinTTx - (x‘ - 2) Inx: 


-r 

t.1. 


[- 1.3] /(t) = (a - 2}siiixln(x+ 2) j 
JljjJl ^ JySJ I /(x) I *4 

[0, 1] fix] = [2- ^ 2x)/3 j 

[0.5, 1] fix] = (4x - 3)/( x^ - 2x 


[2; 4] f{x) = 2x cos(2x) (x - 2) 


. ^ 
LL 


[1,2] fix) = 1 + ,j 

/(x) = X^ +2x+ A: 5JljJi Jjj jjJ I iU-iIjl AxA jM ,5 

,k tiJuLUi tiLjuLS^ Jails 5^ cuLjL^I 

XaJ?) fix) J /GC[«, M .6 

f{p] = 0 i3l>^ ^ P E [c/, h] J JC G (a,jb) f(x) f 0 2?^ 1^! 

-fix] = x^ 6^ .7 

.Xq —0 4_^^l P2(x0 

J(0.5) P2iil5) j.ljiJ^I ^LUI IkiJlj ./?2(0.5} ju^ji 

^ JCq — 1 Lo \ ^ 1 JJ^ , rr 

. G--^) 5ja 5JI jj j,>J I Ij ju> o .wu ('^) OjAaJI j3^ ■ 

-^0 = 0 Jj->- fix) = fx + I 4_JlUJ P 3 (x) iilLiJl jj_Jbij j_>jl .8 

(x) Vo?^, VL25,\/r5 (>^1 Vj^ 

Xo “ tJ f l^) — COSX illjJJ Polx) iwuljLjl I j^J^J JjJJV 

|/(0.5} - P2(0.5)| Ikj^j JjsS'l Jjjl fiO.5) 







LL>JL 4iJj ^ iLoiJl 

.[0, 1] 0_^l ^ fix) ^2lx) ^\xJ>3^\ J>c ^LUl \flx) - F2WI LkiJJ lls. JJ> J 

,/o P2{x)t^x /„ flx)dx ._ 


1.1 LqJlI I Q_C: g- 0-^.Q 
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ij^ LSJj 1 9 ^J^ LqJlI I [ 9 ^ ■ 1.1 



I LkiJb -L>Jl | ^2('T) Uj-3>Ou^ (^) 5j^l ^ LUiHjj 

__ * 4 ' 

-Aq = TT/6 (9) ^ .10 

,■^0=1 J}y> f[x) = (x - 1) Inx illjiJ illUJl A^jJl ^ 

4J^ |/(0.5) - PM5)\ ILJ^ ^Jj^i li> ./(0.5) ^J5i P^5) 

, jg I LLlj>J Lj j jj j Li ^ k LLi3^j I 
f(x] /’3W (.lA^I ^Lin l/U) - P,M\ LkiJJ 

. L'^ Pi(x)dx aljJhOwb L'^ f(x)dx ^■‘Ji 




++ ■» 



IJ 


I lia->JLj dilj UJ^J ^ Jo 5 l^3(-^‘) (— >) LLaiJLl 

rr +* 

.Xq = 0 j /(x) = 2a cos{2a) — (a — 2)^ Cj^-^ * 12 
,/’(tX 4 ) ^jlp^IwiIj kP3(A') iULUl ^ jjJLjIj jjJl>- »l 

\f[OA) - P^{OA) \ Lk 3 KlJ .Oti jUo^ ^ LI >j.>ijL.iI . 1 ^ 

^iijS^ tl LkiJI 

./(0.4) .PM LoljJl i> j^b Sj^ 

b i|/(0.4) — /4{0.4)| U^vJJ j^Jbb 4 jlSij^ ,j 

LkiJI 

,Xq =0 fix) = xc' illjJJ /^ 4 (-t) <L»jl^l JjJl^ SjJj^ .13 

.0 < .T < 0.4 OjIiJl ^ |/(.v) - AU)| jlj^ lia- .i 

P4U) rfj( fix) dx ^35 

•Jo '^4(-*) i) LLl>JJ •— ?■ 

r 


1 - ■■ 


.LLpJI /’i(0.2) /'(0.2) ..^33 ,J 




j^ji^ ^sinx = A i|jb>Cwl ^ ^UJl &j.ja 5J Uk^l jsJu^sXwl . 14 


,sin r 


40 ^ 'iij cos 42“ n/4 Jjj>- j^Lj Jja:> . 15 

:^L L jL^'^ Maple JjLo j&j3%lwl ;/(a) = sin(A/3) .16 

,/^3(x} iiUjill ijjjjJSLo jjjl-> Sjji? J 

.[0, 1] ^ |/(x) - F,{x) \ f^Hx).^ 

:^U U Maple JjU i/(-^') = tn{A^ + 2) ji;j_17 

« J 

.x'o = 1 Jj^ / j^iJj Pj(x) jjJblj jjjk^ 

,0 < .A < 1 B I 1 (-^) ^ I UsL^^U 1 1 , 

./HljJJ P^ix) 5j^x15" 

.0 < A < 1. t/(-^') - hM\ i^l.J 

If A) ^^ 0 ) ^^1 jUail /(O) PM ^j^l 

J^ /(x) UliU n l^J\ (> r^^(.v) j^Lj 5j^ A^jik:ro = 0 j /(aJ = (1 - a)”' ^18 

_[0, 0.5] Sjlill 10“^ j-fl— ^ /(a) illii! LLj^ Pij(x) ^ 

.^0 = 0 J fix} = ySy .19 
,Xq Jj^ ,/(x) illSU ^^1 u-o p^^(x) jjIjLj SjajS J 

g 

.[0,0,5] BjjiJI 10"^ Cx>^ J i-0 SJIjJJ lbj2j P„{x) *Ls^ ■'V* 

_/(*) = arctanj; ^|iJJ n Xu J\ ^ p„{x) Jji> S Jj>jl.20 


.*..A\ I* u 
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^6 


.lk3. lijv .[- i >i] CjIiSI ^ f(x) = COS.V jjJlHJ Pxix) = 1 - .03^1.21 

Xo ^ f ’iJlllJ n j>^!^ u! .22 

++ 

, J f j - I I C)_^^ ' ^ ^ ' ' ' ^ ^ 

CjJL^ Ijl Xo = \ f J-3jI ijAJJjlil JjA>Jl SjJjS' 

** +4 

./"'(I) = 6 ^;,L5j, y = 4.r - 1 ^ ;To = 1 Jle Jai»- 4JLuo 

+ P 

JjL>jjj i ^ iLoLfci (2*5} *^ljJJ jjjjlSU Dj^ jliS* |sljL>u ^ I lj| ^23 

,E ^Ul Lia3JJ lji_> J_:^j|L^ £ = -^ ljj& Lla3Jl 


jL-> 


erf{x] = ~^= f e ^ dt 4 Aj*^Lj jaII Lla^Jl iSlj ^j! -24 
" 4 ^ JO 


S- f- 




t J jjtL I iJlj I Jl^Ji X I i!-*-xlw -j^ S Jl^ I j i^ I ^ L Ui!L> 

J^LSin li;^ 


.V2/2 LIjUaj l3lj->Jlj Jjaw {j\ 

, ^jpj JuJ I I aljL>oLj[ ;jXX 1 j Ijl! 4 ijLjlj^t 5J'^Ju» 

A ^ r w « M. _y * 

0.1^1 J ijJj>I5U lUU J.^1 , ‘ 


0 ^ / 1 ^2k+ I 

"«-•> = 7? S (2FHW 


I X!lj 


erf(;r) = 


2 ^ 

^ ^ 1 ■ 3 ■ 5 ■ • ■ a 


V~ii 


j!;=0 


k ^ 2 k+ 1 

( 2 Jt+ 1 ) 




UM, 


iJl 


. [^ ■■^ _] ijLijIl k— 1/2, 3,4 ^LSaIj I ij! 

.10^^ ^1 crf{l} (b 5 ^1 ^ iLJ-Jl 

^ 4 J mJLJI ^ crf(l) 5j iA]l ^ jjj^l ^ 4 «iij jj «Jl ^1 .j 

•(v) 5j«ji 


,erf(x) ('j) B^l ^ 11 




ji5 Ijl l(t, b] 0 jjfl 



Li wl^l^ 




^ 1^1 ^ ._. 
f. . .1 ^ 


jA>J / : [a, > E 4JUI .25 


.X, >'£!«, /?] JSJ l/U) - /(y)| < /.|.t: - y\ 
. f £ C[ti, h] ^Li k \<x, b] b ^ j-iuiujJ ^ ^XbuuiJ hj^Ji f Ij j 4jl **•* l , 

^ j" -i' i?j_w | j ^ '* '- j f ^ ^ Bj j.i>v9 ^°~ ‘‘■" J _! jlS Ijl 4JI cLwl . 1,^ 

.[«,£>] 0^1 ^L^Ib-JcjjLj 

?■ ^ 

jJlSI! b 4 jl!lA^ ^JuigjU ^IjJ **^'11^ ia^l 

J JlaJ I I . ij ^ L ju L 3 ^ 2 j ^ I ^j 1 J t / i'] "'^2 J 1 <JLtJ^ ; / G C [ci j h] 1 . 2 G 

q/{xi) + q/Ixz) ^ .’■2 j .^1 (j^ ^ ^ 


/(^) = 


t‘i + C‘2 


.(a, h) S jiAll ^ P : f E C[a, h] .27 

[p “ ^1 P + 5] jj>~o X J£ — i f(x) ^ 0 ^ 6 > 0 ^ ./{/^) ¥ 0 o^j — i 

.[a, b] [p - 6, p ^ 5] 

[p — p + 51 X |y(-Y)| ^ k 5 > (,) I ik > 0 J lip'i ^ ^ 

,[a, h] y, Ip - ^.p+ 6] 


■ 2 \ i-t^ 






Rounct-o11 Error and Computer Arilhmetic 


X- 

ijgjjjLiJU oLuui^lg r\ sUI jjgjJ B 2,1 



Rouncioff Error and Computer Arithmetic v^gjjjbJb LjbjjLoJIg r ll^ s lJI jjg aj 2. 1 

^1% ' 

4^*^ I CLjIjUaJI (]>5LaJll .JjLSilIj 

^ I— ^ I i*(V3)" — 3j 32 = 8,4^4 — 2 + 2 Jjia ; L^l j 

i^J^(^/3)-= 3 'i ;32 = 8. 4j4 = 2 + 2 5— 

O' ‘ 6j+! ljU ^ 

* M- 

. I (i^^ljil jl) cjUL3JI 

(^.^lj.0 ji) c->IJL> cjIjj alj3u_wL o I oLi^L^I JLf ^ 

I I 


j v' oi 


*• \* * 


>ilil 




I I— ^ I ,iiJ J <|J I V 3 ^ LaJ I I JA <La J.^J...n.t ij jJ I L.fa'V.I L 9 •. 0.^m 

* ++ 

JjJLOJkJJ Jj Ij J JiS' ^ L>J I |J IaJ I , 3 JiAx! I 7-jU*i jJ jJ I 

l-l- * -M ++ 

— ■UjU-jJl jIac^I JLIII Ij-Sj .jIac^I ;>a +Ij IJAC 

+4 

■ j+ +J ++“ 0^ ~ +SJ*^ 0 + 

M 4-k 

Oils ^j->o 3 y ^ ^jS-x.^ 4 JI ^ i. LflLsj 3 uj^ 

y^.J ■■ j*.o ^ I p ^ ^ ^ I *—3 L*iu>J I 1 Jlj& ^ ^ J ^ JH^ ^ pisut-a 

IJlA kO JJ>C‘ ^jIjl>-^ I jl Ai=L>-'iLa 

+4 

JJ^ ji V-^l "^^1 (.lAi^^l JAJ ^-UJI ILJkJI 0! 

iJ^Lj i— Jk s-lj-^! ij^ : Ua^Jl IjJS- i^J I— ,jj 

I \ ji I Jl^ijLiJ Ij CU L LtX>J I it 1 1 iS ^3^ ^ ^ ^ 0^ 4jJlO Ji JJ kO I J I J I JJ I 

I 


iijuxu I J>j I J I JJ I ji Jl^o — pwijJ 1^ jLkJ 


UJI .jljj^ 


iJLjJlj AjlJ>^I ^.ull jljj*^| ^1 Djj L d^MjjjjjiJ I jljj'il 

e -fc 

* I 1^ j-k-A^l I tj JjlAjL^ojj I. JjiiLS 

ul+v ++-’ 

Binary Floating Point Arithmetic Standard 754 - 1985 
j,l ' ^'i- -<S ^jLoJjl ^ '• 1, « - ^ jjiJ "il»jL(JI <i^LjLjL!l ^jl^jJl pi j3oAj L jj -..^l! 754 1985 j^Lu" 

‘ 'J ■Ij^il +kS ijj >Lc 1^^'^ 1 , ~ » 'ij .' '" - 1 1 j ‘LuLj^Ij iiJjJl 

nw * 

< . J.J..f I J->JJ ^ J Ju*J I JJ LmxI I ^ L«1 1 J Lil I ^ A-oJ^ f p J^OL^’ ^^llj I I 

long roal jj^iJ 2 J^jui) ^^”64 ^ ^LjajJ dj.^^ +.ll 

■F" 


ixU 4 C 


11 .* 


U >«JUJ Ouu> 




S aJ *Sjl ^'Je( (_W“^ caJI 

jA (_^MJ (_j4iLw'ilj .mantissa j_wiJl ,_jj— <j t/ tou 52 (jj t characteristic 

.2 

JAP i_>plj^l lUiLoj 4 16 J 15 C_uUj 52 jjl L_«jj 

jIap^I 4^Uj li-jl^ 11 jj ,^^1 .Ji^l ^ ;iAn i> Cj_i* 15 Jj j.L^I Ijp 

u. I 


^IjjcCjb i^LLxsOi ij^_£_j Lj--'>„4j>- 

I + . 

.2 ^'0^1 ,> ajuaiJ j I jut I 

Sjlaj^l i:ji_>J LLJJ' 'as j! 

UaIs jjl 

■ 1 +^ .>J£ 
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S5' J-J- 2“ - 1 = 2047 ;^UJj 0 
1023 t (Jh.)yla^l I ijji J I jljLi^^l ij li.a.. BjfjA^oJl jlj^^l J-1 aj 

,1024 — 1023 ^3 1^1 lS ^ L j-vfl'-t I 

JJ JJ-C JiJ -X^j Jt4^ J^yj Jai>Jj 

M- 

4-^ju.du 4J3JD Ij Ijj^ pl^uJl Ijju sIjJhXwI 

*■ * if 

(_ ,j.2^-i023(j ^ 

A-X^ L>J I J lJ I ^ 

0 1000000001 11011 1001 000 looooooooooooooooooooooooooooooonoonooooo 


^LjJLiJl 11 |j| AJ t Jh 5 JJ-flJl ^jJl iO Jjb I Ut 

■T 

JJ^ 2iiL£^ loooooooon 

■ ■ T" 

C- = 1 • 2'" + 0 • 2'^ + • ■ • + 0*2^+ 1 • 2' + 1 • 2*^ = 1024 + 2 + 1 = 1027 




I ClAj 52 . 2 '^27- 1023 _ 2 ^ JJlwJI jjfl *'3'^^ O! 

/ = 1 ■ (l)^ 1 - (i)% 1 ■ {i)% 1 . (i)% 1 • (i)% 1 ."{i)^^ 

JJ-*Jl 0 «^La£j 4j™jL>JI JJi^ (jl Ij 

1 1 


0 0IO27- 1023 


[_ 1)'2‘-‘'^'^-M1 + /) = (- 1)'^- 2 


= 27.56640625 


,111 1 

!"!“( + + “4“ + "1“ 

2 8 16 32 256 4096 


4^ Jb J yK^i i JL> lS' t 

0 1000000001 i 101 1 100100001 1 1 1 1 1 1 1 1 11 1 1 1 11 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 11 1 1 1 1 

J,* jLj -iwUvLa- JiC j^lj 

0 1000000001 1 101 1 100100010000000000000000000000000000000000000001 


^s.n‘. jLi LJjj 


,I»a 3 27.56640625 Jlu ‘i L ^UJl ja* c,] Ils. 

l-h «■ 

fj; 

L> 27.56640625 Lo ^ ^ ^ 

■rt ++ 

5^1 ^ JA* Ji«j iJli 


[27.5664062499999982236431605997495353221893310546875 


27. 
/ = 


0 J * JlS»a 4 .V 

LJ? ^ ^ 


5jLe 




M * 4ih 


1022 


— 0 , C — 1 4J i ^U-lUj M J.J-C (jl 

Z {1 + 0) = 0.2225X 10"^‘" 

3 = 1 — 2 J ^15L( y>^ s = 0, c = 2046 4 J i ja* 

21023. j2_ 2~^^) = 0.17977 X 10^'**^ 


(1+0) (j — e Jij sUjS (. LIj* Lj I n III ' I 


;5jl^ 


1023 


(2- Ul , 



,(wi!j ^ * jJ Loji Li^ljL*jy>Jlj ^ SjLs^ 

1 


• -A ^ I < 


_.Vyu 
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Rounct-o11 Error and Compifter Arllhirietlc 


X- 

ijgjjjLiJU oLuui^lg r\ sUI jjgjJ ■ 2,1 


— 0 j c — 0, = 1 LfljJjCr i^Lw 

a|js^vL—»j1 i^L— ^ J I ^-LL>I ^LaI^I aljL>JL^I ^1 

1 ^ I 

r r*r -p 



. A-JuSj>J I J I I 

Ojl^l ‘iSjjiJtj ji - Ul Jjvl (> - JjLJI oi» j4^'^j 

5 J I I ^Laj !jiJ I ^LLajlII 

0 < di < 9 < di < 9 , ±0.did2^^. 4 X 10' 

^ k i^lj i_JI Ulj^l /r-digit JijjJI Ij-^ ^IlLaJil i^LfljJI / = 2f . . . f k J^ 

mrm 

L>^ *iJ5U ^JJaJI 

y = Oui\ f /2 . . . dkdf^+ \ f4+ 2 - • x 10'^ 


kti 




O?' Ul 


^^Ll3 fl ^ J'' ^ ^ ^ ^ ^JaiLjJ I S j j|_*^ <,5^ 



j ULdJ 

I 


^4+ l^;t+2 ‘ - 


: I I ia ji.jjj.".! fj Liii jJa ■zi tj-a L k i! jJd \ jJLt }■■ JujLM lij L5 L> 

UL 3 JI jt^kiu jAIjj ; Chopping itiill 




- - 1 ^ 


aJLj d->l I 5 JJ & a 

ft (y) = 0.d|J2 ... 4 X 10" 

^ ^ I 5 X liLiib J : rounding jllJI i^UJI 4 --‘ij ■ 

^ JOS 

// (y) = 0 . 616 ;... 5t X 10" 

jjjJ U:i -fi (>’) Jji J-s^skI] dk ^j 1 ^ ; dk^] > 5 Ijj ^yUl iUjjj 


o 


di 


; tU 


Jlxj I ^ f lH.) Lj L>J I > Llj li ^ 1 X 5 U ^ 



! (v» 


./ = 1,2,..., ^ J, jU ^j ^/!UI Ij] . Ji— I ^! j}x Li;i 

u' <(>^t J^3) 6^ lj| JLjs. JS' 



Sj3-=J1 Jjs aJu\3£ n = 3. 14159265 . . . Bj_j^l ^ Uj— ie "iLIm TT jjl*JJ ^ 
i^UJl iJaiiJI JitTf LllS'o! ‘TT = 0.314159265... x lO’ LJuJ ^ 

iU-xa L 3 J I I 

ft (n) ^ 0.31415 X 10 ' = 3.1415 



I u 




JJK. 


TT Jjoaj" u_jSu> ill jjj 4 9 Lfjl jL>o TT JJjJJ tij_4« 



J L.oJ I ^ jJLl I I ^jJsuJ Ijj 


jik 4..jLaL»Jl 4 Jjj.ll jjjJj Uj3 

ft (n) = (0.31415+ 0.00001) X 10^ = 3.1416 


4jjL)l] I 4JaiijJ Li 


^ ;\P-P \/\P\ ja IkiJlj . 


P-P 


jijj I f- LLl^ I jjj LuLI jjjjij jL ^ . iLj jitjJ I ‘ 

jj£j jUall UaiJI jli I.P ^1 l^jjij P Ij! 

.F 0 O' 


^Lili LJ^iiJi ,:,! 
^Sjlj L^UJI 4 L 4 UL j_^ 

n f ■" 


aub' 


\Lj>. 


J A. 


,xJu J J_hlJ 


[ I ■jLSi :j jjiJilil 

.jjjJjJl ai |aJl^oLi«*j 


LIj LJLs \j 3 SiJiS- —iXijjJ 1 Lbi3d I JuO 

■< ^ ij' •■> 


V ijii^ul LiatjJ I 

jU ^i ^ 


0-4. 

j^b Jj5'^ 
jjaII 


15.1 L^>S2j^ 


J- ■'v Jr*.* +.1 J..V.* 
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K ^ I I 04_t2iljj ■ 1 ljLlJI 


" I wUlII I ijJLLJl IJ33J I jL^ I 

+ 4+4 

IkiKJlj iO .1 i5jU— .J jliall LL>J! r,LJ ip"= 0.3100 X lO' .P= 0.3000 x 10 ' 


2 (JLjld 


. 0.3333 X 10 “' ^jLa 


tO.lx H)-^ 3ikll Lki^JI op ‘P*= 0.3100X 10" P = 0.3000x 10"^ 0^ . 


-3 


... 


. 0.3333 X Hr* 0.^ ^ Li=^' 


: 0 . 1 x KP 3 -UaI 1 l—Lii^l oM -p' = 0 . 3100 X lo^j P= 0 . 3000 X 10 “^ 0 -^ 


. 0.3333 X Ur * 0^ 





,SjJjt!Lo 5 ^ 1 Ll>-I JmLS-* JLtS^u 0.3333 X 10 ”* u 3 _^i 


^1 LJ^i ji Jlill lift 

Ij LLl>J 1 ijjjS^j ■ qSj^ LLlIJI ^li ^ ^jJLl LLLJL^ 

H 


iij LLLaIp LLlIJI ^ i 




jj-c f ^ f Lftjj-c P ^ j-i-*JI ; 

Li 4 jJ )J Lm.I' 



P-F 



P 



C“ 


< 5x 10“' 

+4 

1^ 

I ^JLajLII jP .jj.;kJJ (1,1) 

p ^ p* jpiljju LojJlP ; max I P— P | j.4jfJL I ^ 

, ^ li j I j 


: 1 - r ^ s 

P—P >44.^^ 


1 0000 
5 


9990 

4.995 


5000 

2.5 


1000 

0.5 


100 

0.05 


0.5 

0.00025 


0.1 


0.00005 


P 

ma.\ I P-p' 


aJ y J J,JL! t y) 4 a!j LaJ I 4i r^-*J b J*4 jUjL! I ^ I i J ! it *>0 I JjsiilJ I ^ I 

JJI liJ^I 


y - fl (.V) 


V 


J JaJU I Jjlftli! ^ I ^ ^ I ^ j» J->sX*r I I J 

- 0 .d\d 2 . , . dkdk + 1 . - , X 10'^ 


y - fl iy) 


().did2 -- . dj^df(^ [ . . . X 10 ^^ — 0.d[d2 - . . X 10 ^' 

y 


Q.d[d2... X 10 " 




li 


0 .c 4 +i£/s-+ 2 ... X lO""*^' 


0 .c/jt+ 1 c 4+2 ■•■ 

0.d]d2.^^ X 10 ^' 


0 .f/| t /2 . . » 


X 10 


-k 


C ^ S- 

i 1 ^ J_>Jl y 0. 1 js-UuJJ ,d\ ^ 0 ^jl bLJji 


y - fl (y) 


X 10 '^ = 10 


V 


0.1 


-k+ [ 


'' u— ^ j 




1. LlajJJ I Jo- Jj^' bUj ^ '^'^■Vj 
j oJi:3 LLlUju J ] I i, ^ a 

■ h >1- ar _J .' 

■ ■ ^ 


16.1 vAj> 52J 




Jjjut_Ll yJjjLua-O 

oULJaJi jjui 


L 


^■1 J9-^ 
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X- 

ijgjjjLiJU oLuui^lg >jgAj ■ 2,1 


0.5 X 10“^+' JA cjUL^JI > /t ijj ,^^1 lUiJl o! 

+ P 

.(24 (jJjjlJl jiail) .^Lu 

4.U.'u.i.a k k-jL—oJi ^u.i.'iJ I LitiJ I JjJl> jjl 



Jlj 


ijJhJI Jjb 4_j2l jIJlP jl (.5^^ ■ 4.1.1a." JJi.^ 

II- 

|0.L IMl, 10| olyiJi (> ul -^52^1 

' M- 

10", 10"'* I CjjiJi ^ jjj ^I J^p.\ 4[10, 100] 

■-I- 

.^*^1 JjJJ> fl Lg-'^a^'> 4-^OJ>v^l OuIJ 

, i3tJ^ J j^ k_>^^L>Jl JiLU I k^LoJ>Jl ^|i ;jIJlC'*^U 1 J-uLalil I ^1 

t+ 

A-uJn,lo Cj J i ^ ^ I b ^ UjJ f — k_3 L*u>J I ^ j 

++ ** 

bJij ; I lil'^ <15'!>L£ ^ C^L^i^uJl ^Jl^J oJbi^l Luj 

^ j jJ I LriX>J I ^ I 1^ ^ l 5^ J ^ ''^ ^ ^ j-w L>J L ^ Imx>J I wu j^ 

.^'>lS-iII J^jjj aJI *il ki>aj«^l Bjj,^! 

b-+ M 

y ^x A-Ukj£j>Ji 4-ajLAJl ^JafljJb jJiJi^Ail I fl t. fl (y) 

(2>a JJ-e buL^ LjL*JlJ> 

-V © y = // (// [x] + Jl (y})i X ® y = flifl ix) x // (y)) 

X © y = // (// (a) - ;/ {y)l X © y = flifl (a) - // (y)) 

jaj y tA 4^UJ| JajuJlJ ^jUJI t^LxoJl ^IaJkIwI ^ ^r^LLlb ^ iLjij>JI ^] 

jL>JI Jj_L>h^I JJl^I 4jj-LaJI L^-tAavJ 

Ms pi 6 J^b j.al ,CAS Uj4^l t— jL-*^ ^I 

w- ^ 

>Digits:=t; 

■u^ jj>jj Jiiii yj^3 ,k:L.L;ijji ^ yi ‘ixw-> yi 

Jjjb (>£ CuUljJl (> t JJJO V*ij2lll fi { fi {x)+ ft {>')) 

>evalf(evalf{x)+evalf{y)); 

4-JIjlLo ■ •• I Ij U ^ >_JiJLLujj k kLoj^^Iaj k.:ulJL>JI 1^ [ ^ j >_iL.j.^JI |>ljL>kX.,fl ^1 

,^L^I ejjt 127) . kLftjjij jl 

> jJuilLuJ I <oLjLiJI kUl j ^LtdJl iSj jls i 

fi (-*‘1 0.71428 X 1 4_ij^j»jL>JI < 1x3 LiI«jtJ I (2.1) J^jjJI ^1*'* jj .7 ^ jc yi-® 

g J{ (;v.) ^ 0.33333 X 10” 

i^L-ij>Jl (jli k 0.267 X 10~*^ (3) JUII ^.3 J ^^jUkiuJI lia^JJ 

M M M 

= 98765.9 ,u = 0,714251 bajJ ^1 JL^ J.5*^ .djUL^ 5 ijijIj 'il^^jiLe 

fi (v) = 0.98765 X 10^ .ft (u) = 0,71425 x lO” W = 0,1 1 1 1 1 1 x lO"*^ j 

,.//{w) = 0.11 ] 11 X 10“^ 


" , - J 


'a T •* " f 

4A4-1wJx4 


CT 


^2kk^\ ■ '*- Jr*. 1 


Mathematical Preliminaries and Error Analysis 


LK. A J_t2iljJ ^JJLL-UjI *1 LjIjJI 


22 


,JU^I lixiJi 

jJMI lk>JI 

4^JaLI I ^ 1 

OkjXJI 

■■ +■ 

'i^\ 

0.182 X IQ-* 

0.190X 10“‘' 

22/21 

0. 10476 X 10* 

x®y 

0,625 X 10"^ 

0.238 X 10-^ 

8/21 

0.38095 X 10" 

X e .y 

0.220 X lO"'* 

0.524 X 10"^ 

5/2i 

0.23809 X 10" 

.•y ® y 

0.267 X Ur^ 

0.571 X 10“* 

15/7 

0.21428 X 10* 

A © y 



* 






+ -M I 
fiju 


jljjs 




■mr T 





j! Lf^ -O-H ^ I Lliiaj Ui^ X © i/ X:^ 

■-f B-t ^ 

LLl^ I Jju J I LLl>J I V ^j-AjlSlI I J XflJ I I Jl I W J X^ f I 

f ^ iM 

jJ 

lia^ ^ ^ LftlLt« Ua-» J V ^ ll "j ^ jj* I ^jj -^^,' 



-juXJI LLlXJI 

4* 

"JUl IkiJl 

w 

4, i|1|4jj 1 4 , 0 , 1 J ^ 1 

4J>OJuJ|i 

^ ■+ 

4 , 0 * ^ 1 

0. 1 36 

0.471 X 10“’ 

0.347 14 X 10"“ 

0.30000 X 10"“ 

A 0 U 

0.136 

0.424 

0.31243 X 10* 

0.27000 X 10* 

(a © rO © w 

0,136 

0.465 

0.34285 X 10* 

0.29629 X 10* 

(a © w) ® V 

0.163 X 10“* 

0.161 X 10* 

0.98766 X 10^ 

0,98765 X 10" 

H ® V 


X > V ouL> y ix 

._. lU ^ 



jJl 


J ' -.1 I jja LLl> 1 ^ ' ...^l [ jjtS I I J-> I J 0 1 

(jUjL-^ ^jxc ^1 . L^ jiu SjjLma^ jixtl ^jjs x3^ 

jjfc LlJ U LiJ I ^j-o ^ ^ I xi-^— J b Uu^ lAoj ij I i_>j5 jl5 1 J 
fl (a) = 0 .d\d 2 . . . dpOip+ 1 2 . ^ . otjt x 10 ^^ 

fl (y) = Q-d\d 2 . ^ . c/pPp+ lP ;>+2 ■ ■ ' pA 10 " 


a 

j' 


J.A X J ^ xi^JJ 4kpo!> LmJ I 4_bxJ I ^ 
fl ifl (^^) - fl (y)) = 0,G;,+ ia;,+ 2 - * ■ CT^ X 10^^’ 


ui 


* I 


0 cr^j+ ] cT^j + 2 ■ ■ - O.ctp^. |Ct^j^_2 - ■ ■ o^k 0.p^j^_ iP^-i-2 ■ - ■ Pa' 


X^JL-td I 4 a^LaJ| 4d>xtj I 4-*-i...i^-> JX^I mI 

+* ■■ w 5 

“^7 jJa*j Jb>- J5 ^ 


;u>OI Cj 


^ Ijjj k - p - V JX^ f 

jlj^S'l ISjLJ Ijjlsto Ijjj k jjt£ -X — jls b 

++ 

X y jl-ixaU cj b L..>^v (J I ^jl ; l^ljp..tj 5jx>uii b|j Ijlx^ l Lol p Lajxc I 

+4 

ijj5b O blwXKl [ 1 ;^ 5-LJLj ij I qH : I J I \ ^ k — P is LflJ>J I 5J L-aj jjLyJ 

,L^ 4aL>JI ^ jji 

^iLd.wxIl XjlC Ua^dl Ixd ij^ ^ LLl> jIx^^I |^ >OLij J X^ j3 J-dUj jl I lj| 

:,! Jmi Jjj — . ^ .(jX ^ vjXi jijs ^isj y>:> Js. 


2.1 Jg^ 


3.1 J9A41 
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X- 

kjgjjjLiJU vjLjUi^l9 rl >> sUI jjgjJ ■ 2,1 




.j^ jj )J! 1j Z+ 6 Z jj JJ 

.jjL- JjjL ji J-fiftjJl 

jLs rt > 0 .£ 10-" U»i ljl 




IJ 


^ I ^I ^ ^ LLx^ ! ^ 1 ^1 ^ ^ LLl>J I I j iaj 

M ri-h kr 

.10" JXJI 




p-q -0 I jLJ ,<?= 0.54601 j p = 0.54617 

■,l '^~ --4^» I — j| l^l I ^ (jl i>4> j Isl , /'= 0.00016 

1 

IjuIsLujj ^^l^lill Lft (j* — 0.5460 ip — 0.5462 IxJaxj ijijLiL^ ^ >^1 ^ j p j (jlj 

.cijOLi. ^jl r jjaU l^jiij < 4 - 3 ^ /■*= p* — q* — 0,0002 


r - r 


[0.00016- 0.00021 
|0.00016| 


= 0.25 


jl Ujj 


O sjuu J 4 _^ilj 

**^ j ^ *_/ 


oUL^ ^jH 


^ # 

p . 9 


juJ=i,x^ li,a a r 

++ ++ ji 




uljIS It Ij — >lj ^ u|=^ 

^ I Zj JJLAj p LSj I J 

^1 IjI 

E 

r -.qd^ 



£. 

^jli i oLjL> Jj..^a->JJ ^biSl OlcJJ^ 


- q* ^ 0*0001 , q^ = 0.5460, // - 0.5461 


r — y 




[0.00016- 0.0001 


= 0.375 


— h— 'jh^ — 4 ac —h+ ylb^ — 4 ac 

X2 = ; J -Vi = 


2 a 


2 a 


(l.l) 


0.000161 

olj 4JJ 

■■ ■■ 

JUUl ^ ^ ZiLw-Ll ZC'Lw Ltxis^ 

Udft 3 . ^ 0 Lojjlc + hx + c = 0 ij^ ij^ ijjjli 5 iJULd 


j>- La J.>JL 


j) ijbjAil Ulji;> u_^ (^1 x'^ + 62. IOa' +1 = 0 j^UJI 4 _JjLi<_1I sy 


j^'\ b^ ojj> ^ ..A2 - - 62.08390 ,.ri =- 0.01610723 U+. (oUli^ 'e^jSlJl 


7^1 '^- J ^ *Ia]1 


.ri + .i!. = _ 




= 7(62.10)2 _ (4,000)( 1.000)( 1.000) 
= V3856. - 4.000 = 


j* Uj 


. = 62.06 


y?{Al) = 


-62.10+ 62.06 -0. 





\ -V] - 1 - X 2 - — 

a ^ 

^ 4 fLs. ajji! ^,1 

uiij ji^i_ffus_J[ Vi tic's J'orniukis 4_xJL_jLj 

, l CjI vii5 


2.000 


2.000 


= - 0.02000 


\ Ij - 'S. A.I m.!\,j, b^VA 
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yXjS gJUiU LU . i%j '^1 ^ 0 * 0 1 6 i 1 ^ ^ a 


- 0.01611 + 0.020001 , 

~ 2.4 X 10 "* 


- 0.01611 


- 'ib^ - 


4 t/f j 


h -^2 ^ L * 3 - (jli j jj - 1 jjj 

( jS ' i+liLij iji Jii-jj "i li*j 


.ft (+ 2 ) = 


- 62 . 10 - 62.06 - 124.2 


2.000 


2.000 


= - 62.10 


- 62 . 08 + 62 . 10 | 


- 62.08 




I IkW 


y OL U 


3.2 X 10 "‘ 


-4 


__ 

JUUajLj I jjjs -b 


-h-^ V/?^ — 4tic: { — h — - Aac 


Ai = 


- 4ac:) 


2 a 


-b- ^b^ - 4ac J 2a(-b- ^lb^ - 4ac) 

4 _ LjjJ 1 4 ^- 1 ..^^ 1 , Js- U 

++ ♦ ++ i-i- * ^ +« ** w « _ 


a 


2c 


A'l = 


h + ylh^ — 4 ac 


( 2 . 1 ) 


^^^ 1 + ( 2 . 1 ) |» Iji 3 ~ jL>>U 


fi ixi) = 


- 2.000 


62 . 10 + 62.06 


- 2.000 

124.2 

6.2 X lO"'^ 


= - 0.01610 




I iJ fcW I J .«. -> r . J ;_ 5 jJl 


■^2 JAkJJ + bj.J I 4 - w.ujlJ I 4 ju>±J I ^JLs j,udru 


- 2 c 


X') — 


h~ ylh^ - 4ac 


( 3 . 1 ) 


4j4ji«jaJJ Ua.?Jl 1 i JL> lj+£ b Ijj +x.u^l I ijji |4j.^o_aJ 

bkji iijjj Jj 'Jsi 3 ILjSj ijJJJJS 7 -jJa j_jjl ( 5 ) JLUI ^ -^2 

buLuu I Ijjt t^LIII aJjJI ul 


ft ( X 2 ) = 


-2c 


- 2.000 


- 2.000 


h- fth'^ - 4 ac 62 . 10 - 62.06 0.04000 


= - 50.00 


fl . 1 . 9 XL 0 * 4 A yXJ ^ LLl^O 

‘ ij.il — .^ll w::.)blAxll ‘- SjLfrj Ua .^ + j ^ 1 JJI 4 .ijJl J.jLiJ 

, Jijll 4 _>w 3 b IjiAa 

1..? V 


ij ^1 
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X- 

kjgjjjLiJU vjLjUi^l9 rl sUI jjgjJ B 2,1 


cuUL>JI X = 4.71 jjlp f{x) - — 6.Jx" + 3.2x +1.5 j->jl 

^ oifli A kj . -.jU ^LjjJI (4.1) ; 

*w m-k 

^ iJLiLjL^ ijI j^j3 ^ CIjIjLs* 0^ 

,^LjL^ aIjjLq Jpusapo’ 




3.2.V 

6Ax" 





15.072 

135.32301 

104.487111 

22.1841 

4.71 

ijjji f.+K 

15.0 

134. 

104. 

22.1 

4.71 

JjLle iij'iU Jij ( 

15.1 

135. 

105. 

22.2 

4.71 

JjUlb 


,^LjL^ O^tiJ ^\jJ^ — .vLj X^ 4_o^ 1 ^ Uj- 3 djUl — ^1 j feuJ 

jju jjjjj'j — oj 22.2 jjjJl j_jJl Ujjjjj x^ - 4.71" = 22.1841 *^j' J — ^ i4i)j 

. 105 Jl i(u^l ol» ( JT‘^ = • j: = 22.2 ■ 4.71 = 104.562 jL>o*i ois Xo iSJj 

(jdj-iJ j' sjLoJI U 

/(4.71) = 104.487111 - 135.32301+ 15.072+ 1.5 


/(4.71) = (( 104. 
/(4.71) = {(105. 


= - 14.263899 

134. ) + 15.0) + 1.5 = - 13.5 

135. ) + 15.1) + 1.5 = - 13.4 


4j 5U3I X)UL>JI j» 


.•: .1 


i q+d 


!31> ^ 


^01 




Ij^OLwSj 



;^ljlJl diUL^I <Lu.«JJI ^LLq>-'il 


6 JULd 


1-4 JgiT' 


^l 0_ 

j< 


■! Odj-^* jb 


-14.263899+ 13,4 
- 14.263899 

for rojnding 


= 0.06 


- 14.263899+ 13.5 
- 14.263899 

(^iajJl) tor chopping 


0.05 


1*5^ (n6St0d) <J,>Iji^I fix) luLitS.j -^3^ 

fix) ^ x^- 6.1X+ 3.2.t + 1.5 = ((x - 6.1);c + 3.2).c + 1.5 

^2L^L}L> 

/{4.71) = ((4.71 - 6.1)4.71 + 3.2)4.71 + 1.5 = - 14.2 

^jSJ S'LL-3>-^!j t — 143 cjULi>- 

y ^1 


- 14.263899 + 14.2 
- 14.263899 


xUL> bj5UJ 


0.0045 


-14.263899+ 14,3 
- 14.263899 


0.0025 


I Ij L> i.i.r50iJ 


• ‘-i ^ I ^ 


“r^Jr*4 


Iaj 10% ^ JJl J Lj ^^ju*uJl UaiKSl j»lj3^ju*jl 
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LLi>- 


, Ijj-^ o'"^ 5JL^ ^ Li I .J^^l L*j..^->- 

^ ++ 

.95% |j>3.g-^ I (ji jLill ^ ^Jl:> 

+4 

(nested) dJ^ljjLll j»ljL>%!Ljb JjJ-aJi k^lj_uS i;^ IjjIj 

L jj-si oLJu^! jj-c I cj-i) t ciJ b Liu>J 1 

oblo^ ^ 4^b^hi>Jl ci^bld^Jl (J-4^ w (6) JLlo LL>J1 J-^3^ jI 

jjljt ob i^! cifLk# 

.LLl^I 4^l..c».ll wJ LtJ.8.*.! I JJ.C 


EXERCISE SET 


•p J A jjH ^1 p ^jlJJl I Ua^J I j ^l^ilail Lla^JI '- j--.^I ,1 


p= e, p*= 2.718 
p = 10"./ = 1400 J" 


p= 71,/?’'= 3.1416 _^_ 

m 

p = gio, p* = 22000 

p = 9U p*= VT8n(9/e)^ 


p=-n,p*= 22/7 j 
p= V2, /= 1.414 ,j 
p = 8L / = 39900 . • 


: r '-u^ J5J 10-'* Oia. 'iwKj P ^ P ^ Ijiji jaS\ .2 

'' ^ .-r " e n ,I 


+ * 


V7 ,J 

sjis A^ji 

90 .j 


“S 


10“-' 



^ o' p -3 

: JJb Lojki 4 ,aj3 P Lg_i3 

1^^^ 9-^ 1-^ +4- V / 


1500 




900 150 

:Lj^I ‘Ll^I ^UU?»jl .4 

■ 4 44 4 4i _J ~ M 

.aJu&J) 'ijy^ (j) 
.C^jLjL^ /aoJl L«J..>oLaj.« ( 11) 

.oUL> Aij’J'aj (iii) 

.(iii) J (ii) J 4.«~*uJl (iv) 


fi + J.\_ 2 , 

j J iail Lla.^1 k-JU 


fi_ 2.) + A 
Vj 111 20 ■ 


20 


+4 

^ 1 

5 * 3 


i + i 

5 1 

.1- 




cjbL.,iu>JI tl oUL^ o^lSJ wjwujJI w?L*j^ Uj,>vL^ »5 

++ .4 ^ * 

I I jb>u*^^ ■ I CljbL^ .' v<jup^ lb -JU 4 iuJ I LLx^bb 

*■ + -* t w 1 %^ Li^ 


(121 - 0.327) - 119 


T" 


133- 0.499 , 


-lOn + ^ .J 


n 

14 


6 

7 


2e - 5.4 


.-a 


^2 

T T 

± 

17 


133+ 0.921 . 

{ 121 - 1 19) - 0.327 ,j 

(l)-(l) J 


ibLi^ 


(5) J-pl .6 

.CjbL^ oyjj Uji-ivl-JLa (5) j-tl .7 

L*aj> I^jl^^jL-aj (5) 

jr - (l/3)jc^ + (I/5)x^ ^ arctangent iJllU ^jjKU ILJbJ ‘kjyu^ j^ 15'>b Jjl ^] .9 

'^Jj JjJl^JI a^jjlS bj-i-JLjLo TT JJJtU Lla3Jlj ^jiiail Lt^Ji L u-A^I 

■■ ■’ :arctangent 

t 

16aiclan (|) — 4arctan (^1^) .ij 4 [arctan (|) + arctan (|)] . I 


2.1 



q r g Q-^n 
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X- 

oLuui^lg r\ sUI jjgjJ ■ 2,1 




]0 


j ,e jjaU 4^**^! 


V"_ 

“ n\ * 



jf]= 0 


ff=0 


?7l 


X cos X — sm j: ^ , j j 

f{x)= : 0^.11 

X - sin .Y 

* 5 

Iim;,^o/[j:) :x>jl . 


/(O.l) X>UL> ,_>.))^l sA^nIwI . i_] 

^ Lg-^AflJ 4 jL^UJI Id ju>Ju.%iij 4-^iJjIo ^Ij *j^ ijk^Ji^ 

■M ++ 

.(^) ;(^) ^ «-Lk>^l i/(0.1) = - 1.99899998 ^ I»^l 0l .J 

6^.12 


fix) = 


lim, 


— e 


t F 


_./((^-0 iLa-iS jL^*^ 1.1-^ UL^ . i^ 

i 4J1 !LjJ! ^^jjJ^U Oj-tLif Ujl>oLj-o 4Jl5u ^Ij l>^3^ * ^ 

<M B-k 

.{^),(^) ^ ^oLL^p-U '-4^1 iLki-^1 Jj>jl i/(Q.i) = 2.0()333.i(HX) ^ 'iAidil UjHI jl.j 

■■ >4 

j \ (5) Jl jU d?LjL> ~a-?^ jij-?o **jl .13 

4^jul>.xl 1JI ^jJLLaJll ^ 4.JUtJU^i 


1 2 i m ^ _ 1 = 0 

4 6 ' 


p = 0 . 

3 4 6 


L002a'- 1L01a+ 0.01265 = 0 

Cl 


1.002a" + 11.01a + 0.01265 = 0 .j 

.oL3L> ^IrtfJ I wL*o (13) jL&i .14 

iSj->vlII 4-LiuJU ^ISJI j-^l 64-bit J_^Lu I ^jjjJJI 4j->Clwl .15 

0 looooaoioio 100 1 001 lOOOOOOOOOOOOOOOOO OOOOOOOOOOOOOOQOOOOOOOOOOOO . I 
1 1 000000 1 0 1 0 1 00 1 00 1 1 00000000000000000 000000000000000000000000000 . 


0 0 1 1 1 1 1 1 1 1 1 1 01010011 00000000000000000 000000000000000000000000000 


SI 


0 01 1 1 1 1 1 1 1 1 1 0101001100000000000000000 000000000000000000000000001 . J 

.(15) J> J\ jiP Jj£j Jj L-J I ^ J jJtJ I J ^ ^ ^ ^ I . 1 S 

4^ n* rB* 

* { jy^) 

^ jLlljlto .}■[ '4 .Vo J 45 ^ J ^> 5 uJ .17 

-VoVl - -ViVo (-Vi - A'o)>-o Uj& 

A = J A = Ao - — 

Vi - >'o y^ - >'o 

4_>v^ ^ .1 

j..>jJ 4 <h1jUL> wjulijl t(Ai;>']) = (1. 93^4.76) 4 (ao^aq) = (1.31^3.24) oULuJl 

<‘|jLIj ?J-^I y^jkll jjl .(j^jJaJb X ^li 
‘LujJl (jj SjJ^ . ' ■ . I _XSf=of-^ ^ f^x) — e ' ^JIjJJ fi 4 XijJl -18 
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2S 




* » .-5 


JUj^ 


C jjjJLI Lu <Ja 3 jj>uL! ^L>L? 


e 


- 


(—5)^ ^ (— 1)^5' j 

2_-r “ Zj j] 


1=0 




^ = 0 

1 1 




L 5 ^ 

f = 0 /! 




.6.74 X 10 


-3 


jj fS 


JL>J 

++ * *+_^r 




u; -j: 


l o-i J - > » .■ 


^B-LLusj f ,pi^ 


; jiLtu cx + dy 


?ijUj Vjji (w) .(i) 

/ j ax + by = e . 1 9 

: ^ UJ I b V i,X aalJ 

^ fc * +* ^ m I ** 


^a ^ 0 


ui - — 


a 




d\ = r/ - mb 
j\ - f - m e 

A 

di 

c — by 


V = 


X = 


a 


v'i^l ^ (^jUII ^L!aj 3^J 

8.110.<:+ I2.20y = - 0.1370 1.I30;«:- 6.990y = 14.20 i 

" * 

-18.11X+ 1 12, 2v = - 0.1376 l,013.v~ 6.099 v= 14,22 


i^j ^lajiJI La x>ou*u3i (19) j3^ .20 


^ LZ^I ^ (G) JL_la 


* ♦■ 
a 


f t 


a wJULi , U_>IJU (j) 3^ ,l .21 

= 1.0l£^^ - 4.62e-^^ - 3.11s^" + 12.2c' - 1.99 


Laji—ii-^j /{1. 53) iMjAjJ c”'' = (c'’)" jlj = 4.62 . i.^UL» i.ij^ijLl pj_>uL.jl ,\_i 

■(b 

{. f. 

ClJ b I (i Lj Il.iju>J I J-t I 

_/( 1.53) =— 7.61 4 _>_J_>^^ wjUL^ ol^j^l ■'^ 

*!■ 

f -t ^ 

J-> iJ-A&i U .jjLoXw ^1 5 cm j i4 cm *3 cm 4jLiJ gC l^ LjujJ .22 

?4_jA.>^U.J| b:s-LwuJL! J-^1 bj ^-t5jljjll Ij^ 

^^ v . ~ i.c 75 ^UL>%< MspiG .|_}J^I iJljJ }l 4^jll (j.4 (jjjjiSli Jjj.^ 7^n('^) (^>5^ ,23 

: 4-w”^l 3^'^! Loj.>u..jrf 10”^'' IT i«j^Ul yi jL>t>^ 

16r„ (I) - AP„ (^) 4[P„ {{) + P„ (i)] .i 

(jl O^i .y J cjULiJl Cy> k ^js3 _fl (y) o^jj5I -24 

I-* 

V - fl iy) 


y 


< 0.5 X 1 0 


-1+ 1 



^1 J.V.* 
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X- 

kjgjjjLiJU vjLjUi^l9 rl sUI jjgjJ B 2,1 


[// {>') - {).d]d2... i-k X 10'' ^ df,+ i > 5 ^\S Ijlj (>') = 0 ,^-/k/2'- H)'' dt+\ < 5 Ijl : jL5jI] 


m 

k 


ml 


k\ [m - k)\ 


.25 


jJS\ 


OjJ 


./?! k jj-P ^ 

Lj 4..^ L>- J 1 Jl^ \ ;J I jJl9 I , I 

.\u\ < 15 J / = 2 , 3 , 4 f^! 1 < < 9 , 0 < df < 9 ^ ± 0 .d^d 2 djd^ x W 

I J^j) k ^ Lhi-^* CL^^LcLaj uJ^ =5 ^ 

fUu! ^ 

/m3 ^ /m\ 

'VA" / ” i A / V A - 1 / V 1 / ^ ■ V 


fL>^\ ^Lu! 


^J L,* J Lil jjJ 4A;i*Z?Jl ^jij L^Lj-S- JbSlftj ^^ 5 ^^ P 3 ) '^13 wZj^Uj ^ 

* 

Mr 

I i^Ljl^J iJLJ'LjL^I 1^3 ^^tblJf i^wjL^j ('^) 1 ^ 5 -^ 4JLfjaJ I ^J_>uL*jfl .J 

. 4^-ajUjxjJ lj s^LLl^^^I - j-.t ^ I . 52 

s ^ 

'^JLJ {(df b) ^0 jlLp / .(^£ 1 ^ Ij'j 4JI j /’ £ C[«, 4 ] 

jjl . 1 C() + ^ JlLp f J 44-iaJ I f{^d) A-^jfSJijl ^ i ^^i}) <-AJUiL>J I 4_it;^l ^ 

^/(-^■o) = /(^^o + e) 

S- „ S- f- 

|/(-’Ctl) - /Uo)]/|/(jCo)| (.^^**41 UajJU >.|/{.Vo) - /{Xo)| ^jikLl LkJ>JI jJjilJ -uki-J^jJI 4-0^1 »jJ>^l J 

w ' 

,/Uo) / 0 

J j^jj*4uJl llaiJIj ^3llill LUiJJ IjjA^ JJ>jli ,Xo = 1 J t = 5 X 10~* Cjjl5 Ijj 

nn 

i. f(x) = iL f[x) = sin.v 

-.Vo = 10 J f - (5 X 10 -n.Vo (2‘ (V) jp 

cjLjL^^I ^ X ^LLJl jjl^I 4,^*^! Mcipls .jiiLJuf <Jn5j .27 

chop:=proc(x,t); ‘ u " " CT 

if x=0 then 0 
else 

e:=ceil(evalf[loglO(abs(x)))); 
x2:=evalf(trunc(x*1 O^(t-e)) 

*10A(e-t)): 
fi 

end; 


X = - 124.036, f = 5 .J 
X = - 0.00653, t- 2 ,r- 


X = - 124.031, 1=5 
X = 0.00656, t- 2 .J 


; 4.^u 2J| aaSU 4 .JLmJ| ^-xLeti ^ 

X = 124.036, f = 5 .'-r' Jc = 124.031, ? = 5 .1 


X = 0.00656, t = 2 .» 


X = 124.036, I = 5 .»J» 
X = - 0.00656, f = 2 . J 


,jj.JajLjl Ijyd .JaA^Jl jLe 4 j>jJ kjjS^ J_o^l ljj» ^ I Jlxll .ruiijl .28 

M M b-f- 

^ J-ioO ^lill jUUI ^ r J->oj , /? = 0.08206 J N - 0.00420 mol, f* = 1 .00 atm, V = 0.100 nr’ UjjJ 
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T = 


PV (l.()0){ 0.100) 


= 290.15 K= 17 C 


NR (0.00420){ 0.08206) 

I 4-fl-cLAi .15 C l 15 C T 

oULJt ji .19 C T Ol>ljU£>I .n\U ^1 

^ ^ Ull I \ UJ I ^ ^ jJ I Jj i 1 ij I >-u I ^ 3 LLaI I ^ Ijl I ^ 


a 


Algorithms and Convergence vjLiiiJl9 3-i 

^ CL> LJ lluLo L, CJ ^ J J I U j^lUJ ^ ll5J I I JJb (J ^0*1 I 

, w> L Ljl>J ! 

4iJu 1 *■ J jj U ^ 1 1 I L a^.j 4^jpb :0 L^JJ ! ^jLliJ I 

k* ** ** 

;jL-j u jL>o! a I 1 1 ^JLa-C J jiJLj U CD lyJi ^j^jk} I j I . J JJ>u> 



► \\" t * ** “ 

J I 3 jL^OUkJUi 




r 


j^jJl Ijji jl .cdL^jjIj^I Pseudocode ' 

■-k 

, 4DjIiaI i CdL>j-^J[I Jicij-j Sj-jlj^l CD^L^JlII 

hr 

,4^L^^U| CLjIj^^^I >wDlL>ol! ^4jJJljJI -tSj jJsJ I ^IajLjus itEjji? 4.^jj.lj.^ J|.S^ ,jJl.2ul> 

CIj I ^ I Ju^JUb*AJ |\^ J ^ J 

^ ^ f- L^ p jJkILijiJ J ^ ^ 4Jo£jJ I • 

, LhP J ( > ) I aL^ UJ I # 

ff. 

cdIjI^I ^ cdI jl J-uJ Indentation Sj^JUJl Llju ^ ^Ij^JJI ^jJ>Cii 


,Sj_>^lj 5j_>j L^ao J-oIaLO 

J. f. 

jlrJ Lj 0^^^ (J ^ ^ ^ ^ ^3 j Ij^l ^ CIjIjjaJI cuL^ Ul 

" 

Jjj Counter — Controned 

i - 1,2,..., n J5J 
X; = a,- + J • /? 

;Jjut condition — Controlied ij-iJU yjSj jl Ulj 

.6 “ 3 ol^Ia^l _j.^l i K N 0_3^ Ljjji 
While i < N do Steps 3-6 


If 


‘Lu'il ^;UdJl |tJ.».\..i.*i i IjMjoIU y.0,...<.* 

.. then jU ... j!5 iji 


If ... then else dJj jti ... ylS iji 


J 




-U 


(. i^LlJl 7^1^^ I 5'L^I j-tl^ CD Ljj JJ I jJnJ 1 cdIjpL^ 

^ J J I I 4->J L^ 4^^^ 4aJ ^ \ ^ I ^ ^ I j-0 I JulP 



|mj_J l«jj1_jiJI 
A U ■ CD I — U jJ I Ju i 


1 


r 


.1 Cj-^ J3 — > L- ^ L^.4u 


I Q 


C>J Jjl->^4 S JjaH ^ 

+■ ++ 

,<7B0 350) 

A^*'jUl 1 ' ; " j 

;cl>U^Lj -dUtfS' 

"Dixit Algorismi” 




US 5^ 





31 


Algorithms and Convergence 


LJjLoJJIg O bxjjl^iJI ■ 3.1 


, iLu j j I I dJ I j La) I 

l\ j JC; = Xi + X2 + 



I Jj La Ja3^ [ Cj ILJaII I ^ I 

+k 

h-l- 

X[f X 2 f . . * i Xf^^ J 
TV f X\f X 2 f . - . f X]sj jCjiLli i-oJI 

SUM^ YtiX. .objAJI 


^ g^-0' -oT ' 

f i n ^ 1 1 

^w*1I) sum = 0 ^ 

1 

^i = 1,2..... N ^ 


.( JbJl .^\ 0.^,1) SUM^ SUM+ X. H* 

2 




3 



.V() = 1 iiy>- iljSis fix) = \nx SJIjJJ JV i^jJI ;> JjJlp- S jjjiS' 

A' / iy>l 

t^Nix) - Y - — - — [X- D' 
i^ ' 

,0.40546511 duUli. ^UD 111 1.5 'i*^j 

T* ” 

|> I j->0Lrf I (jj J 1 In K5 — P,\^ ( 1 .5) I < 10 ^ I ^ j juJJ Jj I j L j^ I jjjj LD I 1 

■ J ^ ^ y I I 

A. iJljlj 3^j|LjgLa 4.1 ■fil.,ii'ig ^ 77 = 1 OulS Ijl 4^1 ^U!-Sl3lj J|... _„AU^ I ^^1 ^ pJjtJ 

^LdjL>ij N ajuj^I 13 /IjV ~ 1 ^ ^ ^jsJLLJI pu^l ,^^>i3L9ljLij 

^1 ,(A^+ 1) 4 ^* J I ij 3 j->J I I 4-^^iiij 

*+ «4' 

A - /\.v| ^ i «/V+ 1| 

iio j j I 1 ^ J->J I I 3lA a j3kJL-aJ 

f pw ■ 

^ A/ 1^ j Ju£ I ^ PCyP ^ Ldjw fci J I Jl^' <m JC ^ajUl T I : Cj il_i^ A-O-J I 

^*w 

.JJii 8jt^ ji JJJ^ N Vj-'’ =ob>AoJI 


tr\ O-l i 

og_bLAJ| 

;v = 1 c:^ 

y = X — \ 

SUM = 0 
POWER = y 
TERM-^ y 
|>jLiou^) SIGN = — 1 

1 

.5 — 3 ^1 Jiju N ^ M LlLu 

2 

(5^,Li)!l 5/CjV = - .SIGN ^ 

,(JJA>JI SUM+ SIGN- TERM 

POWER = POWER ■ >■ 

.(^lill A^l sjU=J) = POWERUN ^ I) 

3 

\TERM\ < TOL fS ljl 

iN) .ivll 

+ 

4 


2 Jll£i 


^ --^ ■■^ '■ Ij X- ^ . ‘'r. Bp*. S 
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(^UJI at = N+ 1 ^ 


<:u*U jJ ) (‘Method Failed’) ^'^>11 


.Ol3V 


lis- M jUu>-l ol^ = 15 Lwjj X - 1 . 5 , TOL - 10 “’ ^ UlllLu, ^ eu!>L>jil jj 

J -'•* Lt&I^ ju . — ‘^0 eijLdjixJl jjjtJ 

H- H 

SIji iia J_ii III ,j ji N JJ.JJ 'io^ _jA (TT^tiSl) ^-^^1 ^1 ,a>J| Ijji Ijl 

^1 7IjL>^ jJL>» i,^,? li^LjSJI DjjjtJLo ^JLjI «*jJl )1 **jL>Jl 

-^IIj *-** 

4ji.wLu Lg^^ A o -1^ Jj j jp-tJ I OJl^ u3^ 0^ 0^ U^^_} jtol riN 


* 


\A\ 


fij-SA-jsJl Olj-SjAi!l -jl isiUj Ui5 4^jj|j3Jl 


4 ^ 

I ul 


.unstable jja ^-fS JL^j j^i. ..stable 5j2. 




0 jLft ^^iL>o ^ 



^^_.,.p.!j . 4^ I jJu '^1 Cj Lj Ls-4^ Cj IjLu-> I Jut^ ..'fl ijj^ ^ 4 j J ^ U ! 

jljAj_;l j^ljj- .Conditionally Stable uIp_j^ Sjiii-ju. eiiUjjjljjJl oia 


• 4 .Mjjlj.pdl ^IjJ'i --.I t ._^^yia]l LLx^ f_yaL>ijLij . I « .HJj LolS 

f- F S 

/7 Jjtj UsL^ I jljuL# ,(jlj ■■ ^ “ >1 ^’■l ■ ■ I j_Lp ^ ^ 4j.^ 3 lia-^ jjl 

LaS* ^ I k^LiL^AJI ^ 

M -l-h 

n lix3K!l 4j^ Efj (jlj 51 Jib'll lixiji E{) > 0 

ii% +■ 

.Linear llki* Lki^Jl jLi -.« ,Jls. Juiitj “i iLli C dLi^ E„ ~ CnEo u'^ 1^! 

■ .Exponential lL»l LLi.Jl ^ C > 1 .ijy^ £„ = C” Eo 0*^ lj!j 

t^LUJ I •. E{] j C ijjS^ 1^ jlej 1 5 J I? Lla ^ JJ I I «— i.’i.'vJ (^>5Lu *i 

++ ~ 


OjM^ I n \S^ ^ ^ ^ ^ ^ \ ^\ i ij Ja£< jJjjilj 

laix>- IjjJ ^^jLjC ^\ ij[h ij-xlej <. Eq Cj^ L>!j ^ 

■V ■■ ' 

^^^ul] .3^^^iLL.jLO CJJ^^ Lla3jJ I I^^jlj »Imj ijl J ^ ^ 4lulj LLx^dJ 

(11.1 JiLiJ 



iJI Ua^Jl (11.1 JJLsJI ^) Sjj&U^ I iljjjl jJjUj 

»" * 

I UsL^I yj I isLiLjJI JjUj 



f? = 2, 3, ... -I p« = T Pn- I “ P» 


recursive Iaju^JI ;*! 

.. * ^ e ■■ e 


Pn = f'l (I)” + ^' 23 '“ 


J^l w 


I jj ^ a 


e A 


a 


s standard j, stand jj_a- 

4 jI5 aLJ cul u^LyM ,^a 

^ -t " ‘”V kJ 

■■ 

\ wua!> a' AsO StBble 

J«rF ^ _J 

4pul.»ilj'^l ui^LjLjt,,Jl 3 I u u4 , ^ 

" * h LJ ^ +■ 

■ K 

)juuu J I 1^ J Lj J:^ b vA I 

.ilUAI dJjJ ^ 

17.1 \JujSZj 


Jr*. 1 
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1] + c,3''-^[f -3 - i; 
"■^(9) = Cl (i)" + c,3 



1 1 

• W*!**^ « Pii = ( 5 ) Oj^ C'2 = 0 J C] = 1 0.^ ~ 3 J P(i - 1 0 '^ Ij 

. I &3-^5 LLaI I ^ Lul I Jj Jl>- ^ i lw->J 1 C-f Lj I 3 J I 

Cj = l .OOOO J ijLxjljjJl La Pi " 033333 jw/?o — I ^0000 4»aj3 03 ^ 

ijjUIb L^Ull {Pu}"=o ULlLII ol C2 = - 0. 12500 X ; 


IdJjLC 



A, = 1.0000 (i)''- 032500 X i0“^^{3)" 
p, - = 0. 12500 X 10“ "^(3") 






^ ; JjJ->Jl JJLf- 4ij iAP Ilij ^ ^7 ^ L|wI Jj-wj 

M- 


.(34) J Lwl (5.1) 

L? 


J->J! (> n = 2, 3, ... J5J Pn ~ ‘^Pn-\- Pn-2 5Xfc-aJl o\ 


i- « 

L - r^ * .■: J": h-W 


^ -■■ ■■^ ' [j i- ^ Jp*. 1 4.. J..V J 


2p„_i - p „_2 = 2(ci + C 2 (h - 1)) - (ci + C 2 (rt - 2)) 

- C| (2 - 1) + C2(2n — 2— «+2)-cj + t‘2« — /;•„ 
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...;!l iS^^tl 

P.. 

A 

. 1- j i» [ 1 Pff 

n 

S?" 



0.1 0000 X 10' 

0. 10000 X 10' 

0 


0.33333 X 10“ 

0.33333 X 10“ 

! 

9x 10-^ 

0.11111 X 10“ 

O.llllOx 10“ 

2 

1 X IQ--’ 

0.37037 X 10-' 

0.37000 X 10-' 

3 

9x 10“^ 

0.1 2346 X Ur' 

0. 12230 X 10“' 

4 

8x 10-^ 

0.41 152 X 10- - 

0.37660 X 10-' 

5 

8x 10“' 

0.13717 X 10-' 

0.32300 X 10-^ 

6 

7x lO** 

0.4.TO5 X 10“^ 

-0.26893 X 10-' 

7 

6x 10' 

0.1 5242 X Ur^ 

-0.92872 X 10“^ 

8 


0j^3 

A. 

PQ = 

n 

t'l = 


c'2 = - I j C| = 1 iAj-aJl oia ^li pi = ^ j p^^ - 1 jlS lj] 

I 0000 ijl 5JL>JI ^ 4— wjLs;^ ^IjJkIwUj = 1 — 

1.0000 ^Aj-W ajjIII ouI^^I i p\ — 0.33333 j 


IHaj a’2 = - 0.66667 j 

/3„ = 1 .0000 — 0.66667w 


Pn - h '■ 

.(6.1) y 

H 

= (0.66667- |)h 
usLLJl ^lJAlJ2!l y lii 

r+ 

^yDI Iki. ^ dU:.j 

ji . ft IjJa^ 

.. .Ji i^^I[ 


A 

1. II 1 pn 

n 

O' ■ 



0.10000 X 10' 

0. 10000 X 10' 

0 


0.33333 X 10“ 

0.33333 X 10“ 

1 

9x 10-5 

-0.33333 X 10“ 

-0.33330 X 10“ 

2 

0 

-0.10000 X 10' 

-0.10000 X 10* 

3 

0 

-0.16667 X 10' 

-0.16667 X 10' 

4 

4x 10-5 

-0.23333 X 10' 

- 0.23334 X 10' 

5 

0 

-0.30000 X 10' 

-0. 30000 X 10' 

6 

0 

-0.36667 X 10' 

-0.36667 X 10' 

7 

2x 10-5 

-0.43333 X 10* 

- 0.43334 X 10* 

8 

Jj i> >_«l jl ^->1 


LLl^I W»Ij^Ij ' 


. wU...>il j.>Jl ^ ^Uii *^jJl JJ-iuIl ji ^jJl 

1 *+ ++ 

^LL^I .ijj^l L^j 4 jIjaj.wI ^jJI L....^->J I alA^%jL./l 

+4 k-l- ^ 

jpiLk3 Lj I t^l) kJljLjLflJl ^ >1 . . . -^ *iLj ^JlSjJI L!a-> ^IjJaJl ^| 

4jJLaSj>JI j .>Li L>^ J-.^x>u (dlJijji j ^ 

m* d-h ! 

. J I J-l^-IrJJ Ij-^ gj,-AAu3- 5jfl5 ^LL>0 JJ ia->J[ ,4.jL^jJi 

4 ^LLu 

^ I IJJS ^IJljnil *lL»nAiUI 4 jJLpL^ I 4_ulx0 ^jJ>3, »kU Liu I I 

,4^JJmJl 4jJtAl3 1 ^ jJl^ w^jL>JI <^jIaHII '>^1 >J Ja..^ I 


^ ^ Lj' k J H. i 1 1 1 J UiU :i.U 


5.1 Jg^ 


6.1 Jg^ 


;.:i\ 
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. I wjUj ij^ SJjUjJJ (J-4.^XiAuj 

f 1 

Lb Li 1^1 .Ot J Afljl j->b {ctjf }fi= ] j ; ji^l J->-J k^jLftX! 4_JLxb {P^f }^_ I (^>SuJ 


3^^ 


j ywSJ I n po^ ! 

^*** r ++ 


- a 


< 


^IP.I 


oh'' j-j^l i^) wjIaJ 


U Q JJ^I J->U ] Jj| I Jj-bLs Lju3 


■ - a+ f?(P/i) 5 jLiSj L^l *(” P/t 

^ Lbli {p/1 ] iJllLfl ijjl^ (jL }JJL I iJLLbil ^ ^ (18.1) ^1 

1 T' 


_j 


P. = 




jiL>b ^^^1 P 'i-ou3 j^b LIoLjiIaI j j ^ j L^ SjLej Lp > 0 J J t P (j! ^ 


J L 


n-\- 3 /t + 1 

ct/i i J 




^2 


i^L^Jjl OJ a 


1 , ■.>,>■ ..iJ 


„} L_jjlxUl jLJ lini„_^™ 64, = 0 j lim„_><x, a,, = 0 jl 
«jjl ( 7 . 1 ) ^ ({o„} SJLiill ^ J^l 4 JS_ 




. ^ijjl jAjU 


7 

6 

5 

4 

3 

2 

1 

n 

a 16327 

0.19444 

0.24000 

0.31250 

0.44444 

0.75000 

2,00000 

a„ 

0.029155 

0.041667 

0.064000 

0.10938 

0.22222 

0.62500 

4.00000 

a. 


18.1 uijj^’ 


.a,, =a+ 0 {\lnP) 

Uj J « > 1 J£J <:! 4 JLio 


7.1 JgAjpi 


a„ - 0 




n + J n + n 1 

= 2 • - = 2p„ 

n*- n 


; p„ = M n^ J p„ = l/« jSil Ijl 


■ y 


b I a bS ^ 3 bi LjLLI, \ 4 .- 4 J ■ g J 


Ja. 

V 


L 




*^3 


/? + 3 + 3n 

|a,, - 0| ^ — — < 






= 4 ■ 1 - 4P„ 


y-aJJ {“»} 


■rj 



J a„ = 0 + (9 



-UJulC 


ai '4 a) U^.a.U LJj 1 J 

V J 

* 

3J_j ^ 

4" 

&j a ^ lij-bb^ [CI-RS] 

, CLi bjiAl' 


; j^-^aU { 1 ^ ^ J Liu 4 jS-jp*J iJb lu i^^ri } Liij 4 jP 


Oi 


* w' LJ ( ’ 


b 

■■> ■■ 


.JljjJI L^ ^jUi: ^1 o__^l oh j^j Lm^I jLajbLoj 

ka 
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Oi 


K l^_5J LJbLj LJj^j Ijl .lim;,_,o F[h] -L <j(^) = 0 jl 

Jus h ^ |F(/7) - L\< K]G{h}\ 

F(h) ^ L + 0[G{h)) 

p > 0 jl .iLo. iGih) ^ hP Sjj^l U ajlis L^jJ.0-^ jJl Jljlil jl 

.F{h) = L -V 0[hP) (3^-^* jjaU “U^ LioLuLal ujuAu 

L?l (1.1) (^) ^ 

+™ #■ 

cos/i= I - jh^ + cos C(/i) 

ja^ Ijj-^ I a /j j Jikoil jJJ La JJjaJ 
cos/i+ - 1+ COS ^(/;) 

cos/t+ = 1+ 0[h^) 

|(cos/i+ |/j") - 1| = I z^cos^{h)\ii‘^ < 


ijl u>*-^ 

• 

I I » 


JUU 


a 


^ 1 <jL^ ^I cos /i- + 5 / 1 ^ 0 I-® '■^^— >0 U-uis^ 4 j 1 ^ 


19.1 UiJ>S^J 



EXERCISE SET 


- + - -\ — + 


1(J0 


j->0L^ y^-f I ( i / f^) I )s L5j 1 I ^ I J . 1 



+ \ 








.e = Er=o{l''”!) ^!. -.I- lb e jjuJi ^ 3 *u .2 


: I LLi>Jlj ijitJl I i.€ jjjJJ wiL^jAll 


' 1 

y 

fel5- »! 

ID 


e 


E- ■ 

^ n\ 


E 


I 


n^O 

10 


1 


e 


T- 

f j r 


n=0 


^^{10- j)! •' 

— ] < X < 1 0 jjijJ I OjUjLa JjUJI 5JljJ .3 


ff 


arctanjc = lim = lim / (- 1 ) 

;p— H — *00 J-— ^ 


!+ I 


X 


li - 1 


fl^OO 


r=l 


2i - 1 


Jj^di^-'>JL! I 4 1 , . J. .h" 1 fi jjj.>J| jjuf' tariTT/4 = i <^ujL>Jl 

J4P,(D- FT I < 10-’' ^ 

JJ-C La 1^ lia-^ 4-^U XT 0^ C++ jf^l '*1^ JsjILllj . 

^'’ jJ I I ® ^ I -j- Li>J I 4 J*jJlJ I 

Hi 

i^TT JJaII 5JIa9 (3) 

4hp^ jL^I n/4 = arctan + arctan j ^jl iiujUl 

p 1 1 

4j^wuL*Jl 3 jjl>' *3 2 arct3n JjLSII 

^10 XT 3 I in_u ^^3 ij Lfl.i^J 
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Algorithms and Convorgance 


LJjLoJjIg oI^JjI^AJI ■ 3.1 




I 7 t/ 4 — 4 3 rct£in ^ srctsn 2^^ 4nSjLLajill I n 


«>J Jl;>^ -5 


jcr^ n jjjJi iJL*jJLJI 

jj>ji ,6 


I n ^c/o LojIc Lci'i 


'LJlluJJ ^,UlJl 

** * J 


iim sill — = 0 


lim [ln(ij + 1)— ln(V?)] = 0 ,J 


1 


liin sin - = 0 

n— ^3: II 


lim [ sin — | = 0 

n^zr.. \ fl * ^ 


^ 0 LjJii JljjJl i^jUj -7 


1 — cos/i 

hm = 0 

h >0 h 

1 - 

lim = - I . j 

h >0 h 

U^l 


sin/? 

lim = 1 

h 


sin // — h cos h 
lim = 0 *r 

/] => 0 li 


C 


L^L> ^JJall /t,o.>JU o L J-0 j U J .8 


4 

?= I /= I 


J W>U 

* +* 5. 


Lu' 


.a^L4*->JI oLJu^I jj-t (ji (b I Jjlc . w 

+* 

•jji_^ — ^i ,5lLy« A^o S P{.v) = + ■■■ + a\X + do -9 

.dJui-ljoIl oLJUii P(xo) 4jui 

+ hx + d = () 4JLiAijJJ "^2 i ’^1 (2.1) JduStiJ! ^ (5) I . 10 

t 5 - 

i\ ^ u* 3 ‘^"'^1 V — 3 cuLj^j-^lj cif hf c cLf'^i3-jiL 

LIjl>0^ {c^y 

^ jhA! I L> L^-> J-^ 1 X J JlCj Xq, X ] , . » . , X^J J 1 I 4 /I > 1 J JlC Jj ^*^3 J ^ 1.11 

.(x - 1 lo)(j: - Xi) - ■■ (j: - x„) 

- (ji o^ys) .12 


1 - 2x 2x - 4x^ 4jc'^ - 8a:^ 

1 - X + X“ I — x^ + x^* 1 — X^ + X* 


1 + X + x^ 


ijijjuj ^ AAjUisJJ jUl ^ SjjJLUII jjj->Jl jj->J a^3j^3^ wjCISI .X = 0.25 ^1 ^ ^ 

++ 

.10“^^ ^1 ^jUl ^ <^jU! 1 ^j5j jI 

= a + O (n“^) ^1 a,, = a + O 0 < < ;? ^| ^ , | .13 

4jdil3Jll ^ . 1000 ^ n — 5, lOj 100 1/ j 1/??, 1/ 1//?^ i IS^I 


.B 77 LjJl^ C^LJIjulII 

-P{/?) = L + O(/?^0 ul ^ ^ /'(/?) =7.+ 0(/?^1 ob 0< £/ < P ul .1 .14 

h 4iJ2l3ll l^jUjJI io^j^ 1*0.001 j h = 0.5, 0.1, 0.01 ^-wdJ /r\ ^ 

*ji«4x!l h s^^yjsu L^jjlc ^3-fi 

jL^\ > X vj^ .15 

F 2 (a) = L 2 + 0{xhj F,(x) = Li+ 0(x“) 

i jL^I •'2 J C| ^ U^J 

f;{x} = Fi(C]X) + F 2 (C 2 X) j I'(x) - C]F!(x) + C 2 F 2 {x) 


'Vj|.bA ^1 J..V.* 
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jU yu^\ Lojlc ^[3 ij = minimum {a, p } I 3 j ol ^ jj 

Z' (x) = Cj Lf\ + C- 2^^2 “I“ 0(x^ ) I 
G(a)= Z-1+ Z.2+ .V 

JSJ F„+2 = /^„ + /S,+ 1 j Fo = 1- /"i = I 5j_j^l Js. ’a_yjl 'iJLlllI .16 

jl^ 

Llnjjiil? ijJljLJLlI 3 jLa ;jl jFibonaccI Sequence) ^ jLjJIjljU ~ n > 0 ^ 

^LujJ ji i 

+4 

Hill A^t“ a qI ^H+1^ U 'Ea^pI i^JIJuLLI ^ 

__ -pq 

.(golden ratio) 0.^1 jjjJI II* .a - (1 + V5)/2 j! ol^! 

\+ S\ / 1 - 


F -= F - 

^ n — * n 


1 

a 


n ~i 


7 




.Maple ^JJ 3 ^JLfcJLfl Fiofj ^L*Ju^ k^juL?! .1 
f \oo *»^^-wii.>J evalf Digits I U Maple 

V(^) jji d) iju 


(>l J^>^JL 


X I 


MM 



\ , 


Cy> (lj) j» 







I ijU .J 

V(i) ^ i^>ji 

SV'ioo o- evall jjSI (jj Simplify jj*il aj^%l-J UjJLc ^a>%s; IjL ,_a 
^ bull k (divergent) 1 + ^ + ^ ^ + ' ' * I 4-L.iJ...J 1.18 

I jl .5 Jjljjui joC jjj x>«i SJljju {'/fi } i OjUjji Y>i= 1+ 1+ ■■■ +^ — Inrt 

.(Euler) jLjI ..iLub' {y-j) iJlXUU '! = 0.5772156649... 

f 5 

fi Maple Digits 44 u^ysJI . I 

.10 " jL>J I 

(jam^ y ^ jua>> 0L1 Maple Digits jp^jlI I I 

.10’^ j->Jl 

Q^jii n Maple ^ Digits jjMJ ^jjAII c:jlojJ>ol-jI IjI IjU 

V 1 0 ^ I y ^ 


y ^ iLu^ yn 


Numerical Software qjjijijsjJi auru) 

OjjfLt ^>^1^ LuJ 4 ib^ijiiJl IjiA ^j3 . Jji— ...iiiaiU A^j>— i..t l^ 





L^lj3iJ_(f oojAJ i Java ^ Maple, FORTRAN, C, Pascal, MATLAB, Mathematica ^LaUL 
a£i.*.t A.vJ*y> ^Lu ^1 ^^1 sIa . i^LiiJl 1 J.A ^ ftJjljJl j^jlpulJlj <11x3 'll I ^L> ^ 

^JJL3U£pJ I I JJ& ^ Jl^CLaUj » 1^^ L>J I jAJ I ^ I jj 4.4 -()v^ U L^jiilj I. ^ j ^bl>vi I 

^^^-0 «jJ s^_)jLL>JI aifli ^--oljjl ijjj iUujljtJl iJLjLa^UjJI -^IjJI cija jitil 

. |1 LaJ I I 

SjjljJI .^Ijf^lj L^ J J 1 jjjJ I bbljpIL^vi jiUJI iiwjjLSj>- 9 — ^ j ^ ^ ij| 

4ij^UJl vL_Ui>'il jJ-JjuJ UU— |»UJ| ^ ^ 1 j ^1^ .w^llSJl I ^ ^ ^ ^ 


4^ 





Numerical Software 





L J'ilj .^^1 ^Jji 


** * ^ 1 *^ ^Lm+ tl P+fi 

. 0 J J->j J Cj I J ^ Ulj ^ I 1^ J j-k 

oLls^wj |sjJi>uLw jiUJl olj im-jwUL>J 1 jp SJ'il JjJiAJ oia oJlS Uj 

, Cj L Lmjl>J I ^ 1 ^0 LaJ I 4J^J-.J I C.> I jpw Jj ^ 

+4 

? IjLSJ I I jji ^ 0 lAa^ ij jJ I ^ Lj jJ I j i UJ 1 j^ I UL>- ^ I jJ I 3jj^ ^ 

I ^ ^ ( -^ 1 ( -^2 ( ■ * ' ^ ) fl ^ ‘^'■^ 4->^jJt ^ 1 J I J 4-0 ^ ^ ^ I ^ ^ 

" *■ ^ 

^ 3j j^iSJ [ 7^1 jJI ^ ^ IJli (norm) Ij-a 

T- 


■7 — 


n 


-I U -2 


E*? 


1=1 


X T 


,0 X A^li I iiL*iIl (norm) jLutll I3 j& |iJl3^jL*aj 

^ X = (2^ 1 , 3 | — 2 / “ 1 ) ^ ; JLllI 

= [2"+ 1^+ 3^+ (-2}^+ (-1)^]^^“= Vl9 

,VT^~ 4.36 0 = (0, 0, 0, 0, 0)^ ^^^1 

(C_j|jX)l jj) lS ^ 5JL»Jl L^ J>Aj Ljl® J>J-^ 

^ ^LLj ^ OjJJ ^1 aJi^ ^ 

1 ++ -M ^1 


! 


J^OJiAJ 


fjf A [/ A2^ » * ■ f -V^j -T' I tj S 0 1 1 

NORM ioLpij^^l 


09-o--*^^l 

09 -b-iJI 

SUM ^ 0 ^ 

1 

SUM = SUM + xf f = 1,2,..., ;i 

2 

NORM = SUM^^^ 

3 

(NORM) >^U>ii 

4 

. I__iiy 



^ j — ^ 5jLj£Jl J.^ — j i^jjljj-Jl oi* ^^1 

% " -Hi 




j| Dj-laS* jljj^^^l ^j«i3Jtj (JjSj A5 ; lJLIII jli- 3jjtJ 4^15" ilij c-tia-t^ 




^ JJj •<;^3 ^l^Jl 4 u5j1jJI ^JaSjJl aLI^ A3X> ^li t lij> 

r* a-h ' ^ M 

^ ^ ^ 111 I ^ J LkJ I I ji I i I 3 ^ ^ ^ I . . ■ -^ i I jujLuJ 1 ^ J IaJ I 

.ZJUII Jl Ia-JJL. J-^^I ^ ,1>JI 

1^ C * • w J 

++ 

q^AjS^ LaJjUh^ oL^jjl^^^Jl |J^ jjL^-w.>J I 1-^ i;^ I jja« I jjl 


cP^ L-P^ l^w ^ ^ ^ ^ P ^ ..."j c ji Lc dJ I J 

^ I ^ LjL>iJ iu ^ ^ ^ J 

;j-o-uJ 4^ jil jJij ^ a5 ^j-SJj t 4 !^ I (j-*^ 4 j>^4jJL! 2Cj iuSjil 4fi4^ 


4i I ^ ^ Li.hH-'>' 4.J I a3>o.w ^ ^ Lf I J L^yw/ L> L>o Li^y I ^ ^ 1^ 
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Ja-Jl lls- Usl£^yH\ \lsi Jie ^JJL> cA^ 

, I I -i i Q I ■ I ^ j4J:S^ I ^ ^ I 


'^J->0 4 Ly^i aJ^ I ^jjuy? lg^W.J,o^-;^ JjjJ_>Jl OJJb j 

, f t ^ ' 

aia j^\ 





i>J 




DXdJuJll LLuu^j^ I fj ^ ijLf Lj Lii^_>J I ^ ^ j li ^ ^ I il I jLftjtAj ii jJ I L^ yiijLj IS LLjj 

iUuuj tio iJjjsli iLsji Cj-L> j.iia-o3 LUI ^ Ljj J I jjk] I Ji^jj D^l ^ 

JpLfljjl jIj^I 4^jjj»s« jjjiij jjjj^ ^emax SAwI ^J^Ij oUU>- f > 4 

>±j^ A- = / . 10^ J^\ cy> ^3^ sj^ J> 

/ = ± (/,IO-‘ + /210-2 + --- + /,10-') 

.emin < e < emax ^ = 2, . . . , f J5J 0 < /^ < 9 j 1 < /] < 9 J5J ovj^ 

r« 5 f. 

jiJ iQ = ^ il'il ^ AJuidJ cAh J;l sia j| 

f. ?■ tf ^ i f 

^ H|| I* ^1 ,I ^1_1JL-* j. ^ lS L-Lt»JLj I ii J-l b mJ-> ^1 l~^ ^ ^ ‘^ — ULJ Jl ^ J^ Ot^jJL^yj i iJJl^ l3 i 

pij >; A = ( I ~ 10 AXiisJ t«jLp>jpj JJuP O! - 

lj( JLtl GLju^I ■- J ^ -^1 ^ 4jui^ ^ J ^j- u l-i '^ j J JUv 

C- ■¥« * 4 *^' ■*+ * 

■ Up* UI i A.*-^ 5jL-jy^ ^! 

|ilj-^0i**jU t ^LajUl iliaijJU AflJL^lil ^1 A^jjl^^^Jl 

oi cA^. ^ jj-c j^\ C)^ jV, s, y, F (cji^i^i) 


La L^Lt 


A_>%lll iJ-*-*Jl jjjL*J A^jjlj^Jl i,A^ jl-Lc i! t/2- 

M- 

Oli i J-^ •« ^ JV jLi' I jl JaAS X = G’Cb -J‘2= ■ . ■ , X„y 

h+ 

; 1 Cj Lcj.oJ^ I ^ I Aj I j^ LaJ I aJa5-iJ I J 1 jy£- i 

*0 < A"| < y i 3 ^L>o Slij 4-ai^l 5j_iA^ jljui^l • 


*v < 


s- t 



Jl 



< Y L^JulP X 4-a^l ^ jIj^I • 

y < I jc| cjA^. Lci jSji jA jiju^i • 

CjLjJUu^ ^ J aISSj y J V tj,jI'i.jL..j jJ I J 

1 % ' 

^ I ^ I CA^ 4-(u^ I SjO w ^ J I Jut jj ^ I . I A_; h J I J_t ^ I J ^ 

(ix)’ jjjJi jjviyi S ^j-3 J^Lc JJJ_j 

^Ij jljjs^l (1,1 .A^ iAp^ ~i UjJbs Jj^l 

lyi ^ jJL^i A ijj-t aJLsJI aia ^ ^jlSkjLuJ dUil ^1 

T" 

i^J^J X^ 0 ^ J^J I AjL-l^ j|l A-^^J jJ^ i^jJl;^ 

dl]j ^1 

IjJi-iS I AjJajuy j J I J^ "^^1 Jua {jj^ Y 4 y yjj>6 i ^jjj-^JI vj-^l 

|>j.>^!LwjiJj b [Brow^ W, p- 47 1 ] ^L>'JJ«^! ^ jJ a_wjjIj-^1 j[ .jjLSLa'^’l jj3 

^ A.4^^1 A-IuLl^j, Bj^Ij Aa^^I 3j-uL^ 4j>JLi I iJI^IjlS^ 


tLauy^ 
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Numerical Software 


4j J AidI B 4,1 


v^oJLoj j I ^JmjP jJ^ 

j-pJL*ju j vt ^ L*J I I 4^ j j I ^ jJj3 ^ 5 lgJviiuj4 4^jj j ^ J ' ^ ^ 

^ 4ji jl .4jii,^l jijLp^^l 4 *^jjjl OljU ^ i^j^l CjLIw ^ 

^ 5 I jlj^*^! ; 4-jis^jJl jIjl£*JI Oj j.4,.inJ I jljw£-*ii ^ JUlIj'^'l tUj| 

•P4 

4ula-w jJ I ^ JUlw^^I ^Jilijj SJjUj OwLj 

+■ 

I jS.J> j .0j_u6Jl 4 jjUj 4JU-^ U3^ OwL5 4 ,d xw jJ I jL 3 tOj-u£Jl 

. Ls_^ U3^ ijjuu£ J3^^ ji^ipjj tljL*)U) ^jUj^osJl oUjLUjjJI jLw-^I wJ-^ 


oLJjukj ty o ,Ky emin, emax 0^ oji^j IcS 4 I 2 I oli!>UJI jl 

^ 4j}jj j I jJj I jJ >- 1 A^ H, JT j +S j 3'S y 

++ 

I 4jJj^ ^ 4eJjL^I J->ljI^ OjjjIj^JI >J->CLwJ 

■M ■ ^ 

<ul>j...^ij ^ 4a-t^-l I (FLAG 1) 1 aisJl ^ 3 S^jla^l OjIjjuI 

' +4 +4 

Jj->o |Sj 5 I j I j-c ^ I La jjlc 0 4a-tjJ ( { FLAG 2) 2 pJW 1 ,0^1 J ^ 

^ j] c 

JJ-C jL^I JJLt 0 ^1 iJjF^I & j-a Jj->Jj ; j JJ-C Jjl 5LS5'La J-Ic 1 

«■ 

^tya 5 li'^Ls jJlc 1 ^l us-ljj^l 0 4o-tifl-ll (FLAG 3} 3 pJjJl 

J ^ 0 a3^ jUl DONE jJ^Jl 3 Sjk>JI JJ^j3 

IV I Sf Sf y'l Xf Ilf A' If A'2f * ■ * t A 7 ] ;0 iLlu jl^cJ I 




lL> 5jL^ ji NORM :Obi>Ajl 


ij 9_o-j;^i-cJi 

o9_kiAJl 

■ ■■ 

1 

*( 1^ II jl>J[ ) H > N ijlS" L[ 

■ ■■ ^ 

. V 

J* 

2 

SUM =0 

.( ^ ) FLAGl = 1 

Flaxen = 0 

FMG3 = 0 
DONF= 0 
/ = 1 

3 

.5 Saki^l ( FfACl = 1 i / < /7. ) 

4 

SUM SUM + iSxi)^ ^ |.¥, < > 

/ = / + 1 

(Ji^ JJJS ^ ) /.'MCI = 0 ^ iUj 1 ,:^ u 

5 

NO/fM = (SUM)'^^/S ^i < n jl^ li[ 
DONE^ 1 

.( 5j*iJi ^Li. ) SUM - {SUMfSV S ^ .^j U 

FLAG2= i 

6 


r.ji\ 
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d jI-i^'^i ) .8 oiJxi-Ji jij ( FLA.G2 — 1 ^ i < n ) Ulij 

7 

SUM = SUM+ xf ^i |a-;| < y YJ 

/ = r + 1 

■( 5^ ) FLAG2 — 0 

8 

oU rxME = 0 1 j[ 

NORM - iSUM)^^'^ ^ i > n 1^! 

DONE= 1 

lt-L^ ) SUM = {{ SUM)s)s ^ iUj 1 ^ U 
FLAGS = 1 

9 

.11 jj«ji ( flags - 1 j j < H ) ^ 

10 

■ ^ ) SUM = SUM^ (iJC,-)2 ^ 

(■ = ;■+ 1 

11 

■bis DONE = 0 1 j) 

NORM = (SUM)^^^/s ^ SUM^^^ <\so'^ '•^! 
DONE= I 

.(13j^ jLjjcLI J SDPA ^ X klUj ljut Lo 

12 

(‘Norm is’, NORM) bbUjiUti DONE = 1 1^! 

‘Norm > NORM ) ■:i-L^>li iiJj Ij* Uj 

13 

* ■■ 

14 


1, o, emin, emax 'ij'if ^\j^y jjd 

: iJi I I JLs N, s, 5, V, Y ^ [Brow, W, p. 47 1 ] 

,(f - 2V2 Jil jjj j^'\ .eN = L(^ - 2)7 2J A/- = Hf'V 

.e .9 = \_-iemax + t>)/ 2J s = 10^‘ 

■« ¥ 

.{ 1 — £min)/ 2, ,^5 ~ Tt^ ~ €rniii)/ 2~\ S — 10*^^ 

ey. — [(emin + t - 2)/ 2 ] .■•■, ,^ , y = lO''^' 
* ■» * 

ey — [Umax - ei^)/2] Y = 10''*' 

■Hi p 

.Jfl 

OuL>o ^ sILjjIj OJJi 4^^jj 

^bJl d?lj ijJJJtJl 5 j_ijlS^ JLS *Ij I dJLxa ,|J*£a4Jl lio 

i^IlJuuiS^ jJ •kZijLS' ^1 ^ iJjiLjl 4 

.Wayne Cowell [Co] Sources and Development of Mathematical Software 3 -^ 

i- ^ 

dj I dJL>ju^ I 'm Lftj ujJ LiJ I ^ j Ik ^ 3 ^ I I ^ dJii'^J I ^^^3 

4JLL pJajt,# lZjjuS' jJ '3 ^ -'dl t i ,.i 1 ^ 1 4^Lui 

C^LL-C ^1 ,c .C«- - FORTRAN 90 - Java oll< j^jJl ^ FORTRAN 77 

|sJ i[WR] 1971 j»Lc ^ iji^L>Lwj>J Oi^ji j5 ALGOL 

.EISPACK u^3 k ALGOL ^ 4 


JUU-S 


FORTRAN 


Springer Verlag sj-fli cul^jj jl5J 


1 




aj 


i _/ 


i' >J I v>3 ^ J_LJ 


,_/Jl ^j,=^ 1^ I _ . x 3 - 1-1 Ulil Jjil 

H 

iLwjj wi 2 jjE ^ Jy CHj 

Steve Wozniak 


■* ^ 


Steve Jobs 

■ h 

C 

.Apple Compute j-i 


aJ^ J a.4-:^ ^ i g, wl 

,> -#■ ■“ ^ 


J Dl Osborne 


J7 .'ji-jr 


'3' o ^ 

t 


_aS'l ■'-^1 ^ ‘1931 

0 ^' ^ ‘ -' "'■ Iw IvJ-iS J-*-ii = 

^ J J 1.^1 J 






L 


pliaj ijl 

tFORm ula TRANslator) 

A 4jL] (j'lS 

CjJK I k ^1 O^J '^ 1 ^ 

J |iIJl>j Jji9 

■-j ik^ 1 


dJLaJUj A lsJL^ ^ 


LL ■ ill-i'i'i 


■Lgtii' .liL^UfcJi 4_^JsJl ^3 

.FORTRAN J> 4J0J1 

Jjl y> EfSPACK o! 
I 4-y_>J flJ' OLil 



d^l 


\ Ij jpAJ !i I J..*V M 
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Numerical Software 


.Lecture Notes in Computer Science Series t Sm,B] and [ Gar] Jp '-LLJ-j ^ 

eigenvectors eigenvalues I FORTRAN jj 

tnetlib jLa.a EISPACK I I ' »i 


FORTRAN jj LINPACK UI http://www.netlib.org i-jlij jp 4 JI 

ajj> L )1 JjUm J^_» j»^ 

BjL ■%. ^jvjjXa A.aj^ .(netlib) ^ < i" > i.5^ ' [DBMS] 

^ (Basic Linear Algebra Subprograms] blaS J EISPACK j LINPACK ??— 

** + -FI- ^ 

• 4.j,'i^.a (jj i_j*J '' 1992 alp ijj Jjl LAPACK j -jj I ' [CV] 

^ 6d— EISPACK J LINPACK (> 

■ ^ -- *+ ++ " 

I ^ i^ I ji^ ^ jpJ I t L^L) I j.^ I jJj ,3 j3j>oU 

4->-LjLtl 3.0 4jlaUI Li^l LAPACK jji ji! * jil 3 s-Ia5^ 

OiJj i, LAPACK 1> \ly^ CJ-»J BLAS 0 ! -FORTRA >, FORTRAN 90 . C -.C** JAVA 

.SIAM i> LAPACK JJj .LAPACK « ’ipj^ BLAS J Bji^l 

Jl j^jlp L^l ■ 7 -Ljj The LAPACK User's Guide, 3rd ed.[AN] 

http://www.netlib.org / lapack /iug/lapack_lug.htmi 

.netlib >_iJjLt i3^_^ 0^ LAPACK 0 ^ LAPACK ^^Jp I ^j5Luj 

*• - * ^ - 
4j^1Xcij ^UJi — ^1 ^ Sjx>j ^IjjI J->J lSj^I j — 


Software Distribution Using Netlib'" 3JUII ^ ^ 

*-k 

L^jnjrf-> 4-isLiJI Jsjj-iJl ^^jIp BjjLs ^Ij^l oii o| .Dongarra j Roman > Wade [DRW] 

. jl U:^l Jl ^Jy ol 0^ 

O J L:^ I O U.^ I I . UJ I 1 I O La::^ jJ I I Uuw 

^ 1 — *-Jl I ^ ^ 'i ^ Ljj5U ^ ^ ^ Jr^ ^ I W I j i ^ — # jjiaJ I ^ JJ — I 

^ JljUlj LjjjJl SPUN j lMATH ,STAT cjL^I 

bUj FORTRAN 77 ^LcjI 4j^Ljlo dJuLS^ 900 ;j-a jlSf 1 f ojua 


4-> 


^jjjJl JaLfci!l Jbi — mulo jj5I cuLj^jJI oj — e> ^1 .Java j C ..FORTRAN 90 ^ 9 

Sjijlj — &j http://www.vni.com i^Llo ^ L-liU I cjI — ojUil jjj .Ujj 


.^^gJL^IjJl jiL£u (JjJL>J I* IMSL .4jA^jil 

tO Lil«j^jf h ^ I ia I I L I ^ A^JLa LajJ 1 I i. UjIJ Ij I 

AjJtwIj) iLoUia-^'l soUj^jfj .Aaw^jJl l/ 

5j->Jlll iS-LJ! ^ (NAG) The Numerical Algorithms Group 

jj 400j FORTRAN 77 4_05 js ^ jj 1000 ^ JS\ NAG ^ 1970 

AjjIjIUI I AjulS-oj fortran 90 a i'i^p 200 « jiS^lj ;C 4 julSU i 

* ♦ " ^ ” 
Ajul£ 1« ^ d ^ A-^j*,;^ (j| , I i^jtj jl JLwtl I djl L_>^ tJ— ^ 

^ J-wJl olL>j>j i^_j 4 J;w 1 j>JJ L>1Jj fortran 77 (the NAG Foundation Library) 

f. s 

Jbui ^ aJljloIj .^Lo-jIaj nag ^Ij3^jLjI JJj . lJJJ_>^-t) ^ ^J^ JL> 


^ji^l aL^jjJI ■ 4.1 

I k.”J 

^ (JjfiKj jiLJk^ 
^l i>j]— L^l— ^L mj 

EISPACK 

Uj^J^ ^Ij-oiKi 

■ ■> 

,tui b 

L. ^ 


i ' [ ■ 

2^b_jyJ jj__0 C 


!■■ h 


Cj I jswJkj v:^ is (%4 j_^ia) [ j jaJ I 

^ JUIl lia ^Sj_SU)l 

-H- 

^ UjU — djrfl Jt — sji — s 

+•■ p 4" 

, LAj i a-3 j juJ I dj’ \j Ljj>J I [J 


Jj IMSL 


*■ j 


su^-. 


■JJ 


.U A. 


) JuJiJ 
_i_:i5-a 


^.A «j I J ^ I L L& 4 fl Ijj I 

djjJl ^JJJ L-ajj .p1970 |>1 — & 


L^lJb oUl£li c: 




1 I Jl? 4^ jj«*j LiJ 


AjUiJ^i>bj 


iJ 


:;:jLl 3 \ - ! ^ Ac 


III 




AiUi y (NAG) LjiJI 

J iT J 4 ‘ ^ 1 97 1 a Lp 

^ ^ f r 


H 

. ^Ji..i...„« 1 0,000 0 - j-i^i u^'i 


^ i'L. ^'i 


■>'j 


f I L jJ I 

. Aj't^Jla, ^AjuUsu^'i^l ilul — u>^J uJ I 

d._j' _,r ^ •« t ■'■ ■ -j'i 

J l j j juJ I "i LS I j 4 ^., . ■t'j 'j -1 1 


J-^> 


L_AJ' 


jl 


1 a J I a 
^ J 


-*—s~ 


^1 


TT t ■■ 1 
C i i ^ 4 I 


Lj -I 


', ^ , ' '^ Al f: :- bL Vjft 


Mathematical Preliminaries and Error Analysis 


A Jl J4i-3j'9 04_t2iljj *1 ljLiJI 
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NAG 4julSui *NAG ijL^ i-fljjU tPh] ^j1 

;IMSL ^ 4Jij ^juiJ iijjiu i^jjlaJI ^ dj U_-^i t xtill] 

r-B Blf ^ I 

http://www.nag.com iS^I ^ ^jll olj oUjjlj^l ^ i3jU^‘ 

^ wJPjj ijjJl jj-jjJL^I jl jJUJlj 4dU>3LjjJl jJUJ NAG j IMSL t^jiiLiuv %':j,a,f jijd 
^LlII o| Ji^b iJbJI dij FORTRAN tC tJava 

d^lill i^JuLflJ>Jl -jj .d^ajulill ki^jiiall .^Lj^^I — j -”j 4^jL>^ 11I dLjb->Jl 


Lo ilL*u 1^1 lS^JiJ I L*4lL^J i djij 

u! -4?s^ Jjlj^l ^ (>~e ^tjjj i\ — ijU ^ J J^ up J^ .LulaJi .^Js 

Cleve Moler [Mo] 0j_3J FORTRAN ^U jj o'^ j—>^ MATLAB 

iuiu'^l (_pU Jljj ^jl ^ LINPACK j EISPACK ■»^i.j-..3i><«ja j j X aUl afe<« ^ 
■Utl^UlJ I )LA^\ . <Luia^^l . obuL>0iil ‘ULiliaw . ‘Lu.w.S-ll I ^1 U^1 AsL5a3l > <LiL.>.!I 

4 -h f+fl rf-F ++ 4 f £ ++ 

d ■’ 

\lay^^ Jjj.8 <LuljJl 4^^«.iiJ I Ij o ^ bUsuJI Ijid ^1 . >— >.\i>..^ jJ - ■ - j 1 1 .oIjjIj cOjIaJI 


i1985 il« ULi, MATLAB -r—i^\ jiJ jJ-o ^J> 

-F" ■■ ” 

iThe MathWorks Inc JUlc'^I i ^ aliajJl lia ^ Jj-a^l uSjjj 

; Maple JjL ub IajIskIIj ht1p://www.mathworks.com yj cjjjlj'^l L^JiyLej 


j.0 ^ I ^ 1— .Iii><j I j>1980 j)L_* (CAS) luj— ^ ij-^3 


j»Uaj ajj-ijj uj Symbolic Computational Group at University ot Waterloo ^ 

k J > Ch i MapIS ^Jb^Lo 

B.W. Char, K.O. Geddes, W.M. Gentlemen, and G.H. gonnet [CGGG] 

http://www.maplesoft.com ooi^l jl^j l 1980 dLu^Uill jla ^-LIj Maple J__^b jl 
4 b.;JL^I ^jIj . j ^ bj^,* djLajJi«I1 4jul3 C ^ * 5__^ jjSJ I Maple 

;jL£Lobj ^ jJaJI ^ 4 jJ I Jj— ^u>Jb ji ^ 

Iji . 4 _xL^U^ J[bib-wyyl 4JL^J 4 j j|J> I s-UaJ!i| MapIC (J^b 

I L^Vb£^ O JpA 1 J ^ 1 ^ C I ^ I - * * I L^ I . ^ I 

\jji ^ 4oIJl>%a 4a! .j — olj^l JuIaj ^ ■- J — jU ^ L^l3-j! — £mw — ^\ 

p j->oLjl3 y . I t Ij L>ta^j i;^ J jjJ I ib^ 1 I i I L-mapJ I L^i ^ ^ bii! I 

J. J. 

Lftj^ ^^^1 Mathematical ^ — a iUlU I — 1*^1 lia ^jlg ^ J — jU j — sljl 

y—^j i»lj— 


r 


Wolfram Research 


Lpl ,1988 ^L^ly Jjl >^j— ^ 1985 

I ,:_! t — ft jS 1^ 4.^ I ^**>1 ^ y^=f 

+* +* ►+ 

f^jjl (jiuuj bhttp://www. wolfram. com 4_u^j>Jl oi;s djl o^Uil ^^=-3^ 

Jjj> dl [Kockler Ko] j Kj<j [Cody+Waite CW] wiu i il 

Dongarra + Walker 1995 p 1 c j j iuJl dk^ dLu5u?j ^j-. &!jJl 

tChaitini * Chateiin and Frayse iCF] j_^l jij ^ Jl j ^'-j 

.4bjJkL0l I dJ b Lbi-^>- Jj->- 4 b^Lb^I djbjl^ [Goldberg Goldb] >^.15ij 

^ jt rJ 


L Philips and Freeman IFF] ^1 ^ij l tSchendeli Schel JjJl 

, 4jj Ijll 1 b— I I o J jaI I I jiaJ I I t— U i^bI I ijji [Golub O rteg a GO] b-yjj I j 


MATLAB ^JdiU 

^ flJL ^a JJ 4 j-^u] <fj 4 I vJ 3^ 4 ^ ^ 




U '^-J ^ a J I- 1 "> * i 

r^.-^U 


I ^ 


.EISPACK J LINPACK 


* ^ r " r ^ 

lal ; 3 sJ 

J ij— J (2, ^ 




■Lj'. 




1970 




;>Ma 
■ 'r' 


il ub-J- 


^ I a 
u 


500,000 w^UJl Oujyi 

^ MATLAB 

.A; 100 > 

^ iilSljiILii NAG dL_:^^ ij^ 
I l> Maple J-fb 

.7.0 


Lj.Laj LoUaj Maple UjLcl>-1 

Mathematical cj]^ XAS J UJ 

1 -^ 

1988 J d_t^ ^^^l 0 jj|H^:,^bid I 

ij^ b-*ij_>iLui Lj^Uu 


A ■ j~r^ t_ 1 *..tj i"_ 


A3I9 oJJ^lsoJI J9i3 

Solution of Equations in One Variable 


ODAilD 

^L^3lLo ^^4^1 ijl Jpf^ JpjuJl JuJlJ 


;3jL.ja A^(^) 0^ lLi5j^l yi *^>^1 cu5yi ^ 

j-mJI Jjjuojl i jlfLiiJJ ijlilj'^jjl Jjjtj t_SjLju X ^ it s>ejJI J-ic jLi_JI JJlC 


U^L JliLJI 

■* ■' * ^5^ 


dN(t) 

dt 


= XN{t) 


J:>\^'i\ J-i* ^0 jl>j iN{t) = N^)e^’ ^ sis J^j 



'■^Ij j 


I '*-^ > 1 ^ ^ I jJJ Ltw ^ ^ 'T ^ ^ j 

d^Lc^I oJL^U^I I ^Ls V Jjjuj LL>vflt^*i L« 
^/A^(r) 


^/f 


= XN(r) + u 


Solutions of Equations in One Variable 


JJL2JLCU CjJJ ■ 2 ljLlJI 


V 


N{t)^ 1) 

/l. 




I f 435,000 1/000,000 DjJi jLlw JJJV 

(jLS' Ijjfe jIjaj ou*JI ^v.jJ [ I Iaa ^I 

i ^0 I Ijjii olj^j JjiAj j^j->jJj 1,564,000 

. 435,000 * 

1,564,000= l,000,000c>+ ^ (e' - 1) 

A 

i oijfe Jiil JjhL^I ^Ju>uL-jU i^LJI lia L^JjLj ijJJJtjl ^1j,iaJl ^1 

L^Joaj OJJb lJjLiljlL*/j ^IjIaJLj L^ J jJL^ jL^ul jJlhIj 

*(3.2) J-^4ll i^i (24) ^ 


The Bisection Method 


LajLicJuJI ciiijjJa 1.2 

■ ■ vr 


jjj-> jL^I i—ujft/JJ l_xd JjiLlIw 

■Ml ^ M 

jjL> ^ 5J I jJJ <. f (x) = 0 Lj J I I I JJb , ^v.gh 

, LAjI f ^l,jJJ I 

•t 

i:,!^ JAS o'iUl 1700 j.UJI J^ ‘l^Q I ^ i_ \ 1 1^*^ 1 1 ^ Ljw J mO 1^ 

Ij Ijjj^ '• 1 . 1 II 3 ^^1 jjaj OjLawJ I j^jJLj Jjj^ 4JljLJI Yale ^ 

■+ 

*V2 h 1,414222 jjLsJf ; 60 

M- 

(19) CiIJJjLaj i^jJ^I Ijj& jL^I ij^SLji^j ,10 ^ Ju>- 


J2.2) 

C^lj ,/ J- ./ (^0 JljjJl ^ OjJ^I ^i^aXa 4 JI 0 JiaJ f ijl 

k,ijuj>j (cii b) P OJaII aSjII i*jJiS i 4,jia*j^l ^Lo«wd I iSJl& * 4jJCL>^ 5jLti[ 

44 

c 

j-^ij i>* jj'^i (> u' <> {*^^1 •fip'} - 0 0 ^. 

W 

jljSi 4jjjUl 4 ^Ijj>-j = Jslu.^^ I ““ 

ir+ 

. 1 ^ JP ;ij-'l *-i^l ^.^3 

I Pi jJjLaJji ;AjIjlJ| b] — /? j — Cl 

** M 

b\ - a\ ci\ + b\ 

P. = «i + = ^~ 

/(pi) ¥ y o;ls iji Li .^uji <> Uu 4 i;i ji 03^ -p = pi /(pi) = 0 o:ls iji 

SjLL^I L^t /(«,) J /(/7i) Ijl3 ./(^i) SjLJI Jl /(«i) Ijl^l LI ^ f[pi) CjLLI Sp 

-H- 

fU^i) j fipi) ^'.5 Ijl Lji J}2 = b\ j (^2 — Pi |s^l P 6 (/^iii'i) 6^^ i 

j->-iLLtj ~ j ^^2 ~ I ^ h* tj ^ {riif /?i) uj^ LajuiAi' i ijLuliSjsnj ^LUjLwj La-^ 

' ir+ 



,"4JV.=^1 i^L13" '.4.<»^I US 

^ 4 I'^i J) j30_-j^^ y-A 

M 

4 iUaJl sUa jj (3j_li)l 




■■ H- *■ r 1 ‘ 

0j ^ Odit .u L« .. L 


i. i_j^'usJI |JLt J 
j J I hi b ‘Lc 

j ■■ J ' 


4ta^jfia pJaiiJ LsS — 


•j-i 


l\ 


: 




■■_d h.^ 1 1 . 


i-'"' I :vj-] I i--J-^_C Lfj Li i_S OtJ 

■ ■■ V + ^ 

.binary ^UiJi 


y2^2t \ Ij ~ ' S ■*"*^-* t^Lft 
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The Bisection Method 


■ 1,2 


.(1.2 J51i ^1) .(1.2) 



1.2 iJ )S ijij 


Bisection 1 6 i i 1 1 1 

44 - 

. f [h) ^ f[a)b jl^\ ^ [a, /?] / ^^jJJ fix] = 0 J jLvj'i 

,A^() ^IjJl jaj& Jills' I *TOL L^ ^ J I jjj->Jl b ^uLgjJ I :olLi^A.c-ll 

,"J^" Ojl^ ji P J,> ;CjL;i>iLoJI 


^g.j>.iQi.oJ I 

n g.ki.nJI 

,FA = f{a) ^ i — 1 ^ 

1 

j-' 

.■sLp'^l 6 — 3 cijlji2L>Ji ,11 j 3 / ^ A^o plj Li 

2 

(Pi p — a {b — a)/ 2 ^ 

■FP^ fip) 

3 

[h - a)/ 2 < 70L -FP - {) ^•Jl 

.^7-L>JL! 4jJljL!t! i dJjliXjlj (P) 7" 

4 

•;■ = i + 1 ^ 

5 

i (a,-, hi v^'j) ^ - P FA - FP> 0 ) j! 

FA = FF 

.b^ p ^ d)j 

6 

j 

( A^q =: A(J J CjIjIj5oJ1 ^ Nq JuVi OlSJJ) 

7 


jjiwi jl ^ f (1.2) jjj (4) 6 j k.^J I '^LJac 6^^ 











Solutions of Equations in One Variable 
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J2sl9 JJL2JLCU CjJJ ■ 2 LjLlJI 


^ JL^ Jlill 1 Vi S f > j Ij-ft 0-*-^ J^J^' 

« s ^ 

! ^1-:^ i 1 I Jl> I 

( 1 , 2 ) 


P.\' - PN- 1 
PM - PN- 1 


\Pi 


,v 


< E 


< £ 


PN ¥ 0 


{ 2 . 2 ) 


J' 

i./’(p,v}|<£ (3.2) 

Jjl_j3 ^ ^_sl JJflaj jle \J^-»^. ^_5^l ojlj I i^! *3^ 

I 4_j^ L> ^ {pii (] Ijul 1 ij u I (j^oj J I J-u— > ^ ^ ^ 

.(17 ji^l) .'ijj-UKfl 0L4J L^-*^ 5JL4IJJ .jA^I pn - pf^-l 

.P C)^ IjghVn Pn wiJlW .Uul jL^\ > fiPn) O' I {>J 

I LI 33 J I jUx^l jpliij L^j^SJ i uJ'L^I 5 jj^L§ (2.2) AJijLpJ, I jlaj ( 1 6 j^bj I) 

.P f 4^L=jI ^I ^jJ 

.jIjSjJI JjLiJ Jj>Jl 

Ujl^ L^jJ_>- iJ^^ aJL>' L>^ Jb>jl 4^LSupj jUtjJi*idil 4jLi IjLdji 

m-^ M 

jo> I2) O j LjJl OUWL-^ .(L^l lia^ •ij-C’') 3jjX>j il^bXoJJ 03 ^ 

J > No La jJLs .LaIaxJI ^4 N{) Ljjj^ kijLj^ ^idUj (1.2) .Lfajjl^^.^1 

Jia ) . f{h) < 0 ^ [a, h] 5 >iJl jUol ^ *<aJLiII j j I J^i^O JJLf 4 jI 

J LlL~> I I jJ ^ 2 J I J.J-0-i f J I I S I ij Jj ^ I 5 J h >■ JS f ^ L>^ J 

M- ' 

f(x) = 2x^ - x^- ^ X - ] o:;l5 IjI jmi .0^ L [a, h] 3^lj:b'^l o j^\ 

/(O) ■/(!)< 0 J /(-4) /{4)< 0 ^ ■ 

,^5-L^j [0; 1] J* [-4; 4] Q^jij w i>^Vil l ^Li 4^ ^LIjj 

3 ^! oj^i jijSiii ^1^ jj-t [-4.4] [0. 1] s^i op Jb- ^1 

ijjS^ Sjjjlc c 0.0001 O'* ^J3i I LL^JI ijjS^t JLill 1 jj& ^ jljilJl 

«■ 

/^-/M< 10 ^ 


l/’l 

f{2) - 14 j /(I) = -5 0^ 2] ^ L^ f(x) = + 4;c2 - 10 = 0 

pi2 = 1.365112305 oi Ijl^ 13 Jav .(1.2) Jjjj^ ^ 

m- *+ 

SjljJLo LIjL^O P jJU^I 

P - P\?,\ < \lp4 - fli4| = I 1.365234375 - 1.3651 12305| = 0.000122070 

l'’~'”^l < l*'-»~^''*l s 9.0 X in-= O.li l"w| < IpI OjSJj 

\p\ l«14| 

f F ^ P 

/-^ J ^L>Ui>waJl 4 -*jaJ I ji . ^^ 5 ^ ^j4i-£ JjLjl* (^1 

,P^^j^H\ ^^1 > P J\ jli^^ ; 1.365230013 ^ JjUu 


U 




iiV* 
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The Bisection Method 


i6 1 ^ i i II qojjl^ ■ 1,2 


/(a.) 

Pn 

b„ 


n 

2375 

1.5 

2.0 

1.0 

1 

- 1,79687 

1 .25 

1.5 

1.0 

2 

036211 

1.375 

1.5 

1.25 

3 

-0,84839 

1 .3 1 25 

1.375 

1.25 

4 

-0,35098 

1 .34375 

1 .375 

1 .3 1 25 

5 

-0,09641 

1.359375 

1.375 

1.34375 

6 

0.03236 

1.3671875 

] .375 

1 .359375 

7 

-0,03215 

1,36328125 

1.3671875 

1 .359375 

8 

0.000072 

1.365234375 

1.3671875 

1 .36328 1 25 

9 

-0,01605 

1,364257813 

] .365234375 

1 .36328 1 25 

10 

- 0.00799 

1 .364746094 

1 .365234375 

1 .3642578 1 3 

1 I 

-0.00396 

1.364990235 

1 .365234375 

1 .364746094 

12 

-0,00194 

1,3651 12305 

1.365234375 

1 .364990235 

13 


■¥ ++ * 


JjlC 'il Aju> jSLjJI C>^J '■|./(/■^9)| J3 

tiwjjJL) LJJ^J^ L^jl *^l |a_>^ cM> 

(|p- p^t\ J ^ Jj-sx^l J^ !>LJi 5j^ j3 iV ji) L^jISj ^ 

i jJUj ^2H , & JuuS i^^jJl ijJJ 4 jjIaaJJ J^u> ia-wji Jj&L^ 4^15^1 i9L^*^b 

aj3sL*jJ luuaji I. LIjIj lJ^ 3...>J5 if!u^ 4^j4aJ I 

* 4 + * 

,<~^lii\ \la> y>‘'\ ^ L^jL»1Ljj it^Ls j^\ ^ 


1.2 JgA^i 





’t/^ffJ,i=l ^buiil t„iA,g>.*uJ I 4 ajjJs jJ^ I f{(i) j\b) < () J / G C[ti, /.>] 

/ ISlil! /^ jii?Jl 


n > 1 LjjIc \Pn~ P 


< 


b — a 


9f? 


IjjjJ « > 1 J£J OLn^>4JI 


p e K, i„) ^ h^~ a„= - ^?) 

^_5Jj lS-J}:? ^ ^ = \Uh) + b/,] u' 

1 b - a 

p„ - p\ < -{b„ - ti„) = — ^ 


|/J„ - p\< (h- a) 


1 


2 " 


•S. 


ji iji 


■ 0 ( 1 / 2 ") Jjaj « p 

1 


,Ujj {PnJr^l 0^5 


p„ - p + o 


2^n 


1.2 Oij3ij4^ 


Jl>JI fi^a yjj£-f bujj i?Jii !!;>- (1.2) (jl 


- ■ ^■- Jr*. 1 


Solutions of Equations in One Variable 


JJL 2 JLCU CjJJ ■ 2 ljLlJI 


50 


w ^ J ( 1 ) JUtil ^ J_>Jl \jji ^3^ .wjiL-ll 

4 % -- 

, 2- 1 

p- /'si < 


2 ^ 


2 x 10 


-3 


P - P9\ 


s Ij-uS liJJj 0^ I Ua^l 0! 

1.365230013- 1 ,365234375| ~ 4.4 x 10“^ 


p I jjo— > L j 10 Ujj f {x) — A'^ ■(" 4 a'“ 10 — 0 |J->J jlj 4 l 1 1 i^ljj JJlS 

yf 

,jiiL>o /V jjlS jLvjI b\ — 2 a\ = 1 

+4 P+4I5*4P"* J J* 

IPa' - p\ < 2~^\h- a) = 2“^' < 10“^ 


s t 


I ■ Lj ^ I j LPjU f I I ^ Ju sZj LoJ j I ^ J^ ^ jLijJi^ 

logio 2"^''' < logjo 10“'^ =- 3 ^1 2 < 10' 0% ^10 UJ1 

Cj^. Lj 3 li 


N > 


3 


’OgH )2 


- 9.96 ^ - N logjt) 2 < - 3 


lj1 (1.2) JjjjLJ^I J ^ jU 10 ^ a5jJ 10 ■.i.iilj 1^^^ S-LaJJi 


JS^ I 




XP^ 



Lki^ji 


ijp .isjj 10 ^ /->9 — 1.365234375 


t P ^ t 

SjoiS Cjj^. ij^ ^jl 

tav 1 ** 


^ I 


M rf+ 



JJLXJ 


^LjLjJI |»Ix>sjLjLj ijifljLijsJI ^ ^ljlj£lll j 1 

pX>jbj , ^jLu**p>Jl LLl>JI iX>l ^JuuP ^j-uuj 4 ^L>J| J.djij LaJjlPj ,O..^JjlII y^ 

4 _i_A*i 3 Jl jLill JtaSJWJ l^fu ^^/j] j I iLtik-j i^Lia^ jU^I 

bf^ 


Pu = (hi + 


2 


Pr; 


(^n bfi 
2 


L^ Ajl^ LSlJL \ I I ^ X 


A * M ^ ^ *k •■ 

ijjis U Ju-*J 4 jalU — Ufj )/ 2 y>i Ua- wu ' L>oj>w 3 lj fiLi-UiaJli 

? 

p ^ ** + "^ * *. .* .* •» 

il 2 >! ^1 1 ^ k. 5 ^ I 3 j& Ua-^ ^Laj iJ"^ ^^^^-aJajJl ijjJl bfj — Ci/j 

(bfj — Clfj)/ 2 J 2 >^uUl ( 3 ^ 2 JL!j U-Xle IjJ */^/? J I 4 . 4^1 ^ ^yJ?y yy 

1 ^ ^ d i^y^i'SlI fiJaSj jljfSj 

^ c 

Xi^y (>-a:L-JI (>i '/ jjjJl i> \.(^m bii] 5 jli]l ^ ^ tSja^l iisjJsJL* 

: Signum 3Jlj 

M rf-f' 

- I, if A < 0 

sgn(A)=lo, if.¥=0 

1, ifx > 0 


2 JLiu 


signum L_^5'J1 L_J£J; 
sjLii i\ "token" _^j 
^y>J\ m i"sign" 

^ J I « >Lvl fAula I J 5 i..,',’l .1 XlM 

\ ^ fi **-^ W , ■+ -H- 

* 4-t 

jj 3 jJ 1 ; 2 >Sj jJ U) 


^ .-^ 1 .^ 










The Bisection Method 


io 1 ^ i i II qojjl^ ■ 1,2 


/{««) 


/(««) • fipn) > 0 'ijj sgn(/(aj) • sgn (/(p,,)) > 0 

^1 I iJL^ljL^I k 2ji->ULJ 4 JlSJ l 1 ^ ..ig t .^^IjLxJl 

w-w f m-m 


fiPn) J 


EXERCISE SET 

.[(), 1] i jijji ^ fix] = ^Jx- cosx yijjj Pi jUu*^ ajlJp ^jLiCi-i .1 

oljOiil Pi cJ.j^.u.)l iJuiOwl .fix) = 3(x+ ])(x- |)(x- n -2 

[- 1.25,2.3 [-2,1.5] .1 

* 

— lx~ + 14a" —6=0 4j«J~3iJJ 10~^ JJ*J ^ c..^*i~ll iLftJ jia jsJk^kXkk^l .3 


[3.2,4] 


[1,3.2] .V [0, 1] .1 
- 2x^ — 4a:^ + 4x + 4 - 0 10~^ Jj>J J oLju^uIJI 4^ 

*+ J 1^ +4 ^ " 44 *+ _/ Y 

: I kU I j 

[-1,0] ,J [2,3].^ [0,2].^ [-2,-1] .1 

:Cw^l JjLuJJ 10'^ jcvj 42 u5j jC>Ji cJ-i-aJIaH aiiO-l .5 

.0 < X < 1 JiJ X- 2-" =0.1 
.0 < X < 1 , liJ r' - X- + 3x - 2 = 0 ,k_j 

V*^ 4 

.- 1 < X < 0 J - 3 < X < - 2 JiJ 2x cos(2x) - (x + 1)^ = 0 

.1.2 < .X < 1.3 j 0.2 < X < 0.3 JiJ xcosx - 2 . k ^ + 3x - 1 = 0 ■■* 

\ ^^Lij..»JJ ]0~'^ J..>J I .0 

.1 < X < 2 3x- e-' = 0 ,I 

.0 < X < 1 J5J X + 3 cosx - c"' = 0 .w 
.2<x<4 ^ l<x<2 J5J x^ - 4x + 4 - In x = 0 .■^ 

.0.5 < X < 1 j 0 < X < 0.5 JSi X + 1 - 2sinnx = 0 .j 

. y = 2sinx ^ y - . I f 

iJu-> X J 4jlj^5j J 5*^ 10~^ Ju>J 4iu5j cj I 4ju aj_>a*vl . wJ 

M- * * ^ ^ ^ ^ *+4j.4-K r * 

,A* = 2 si n A 

..V = tanx J V = X J£jiJ| | , | .8 

X _) iJj 10”^ Jl->J V ^ 

.A’ = tan A 


->■ = cos]^^ - 2) J >' - ^^^ - 2 ^jl . i .9 

[0.5, 1.5] iLaXA.' lO'*^ J.>J J I pj ^*~ll ^X>2L.fl , 

.e' - 2 = cos(c^ - 2) 

cix.,«Juj| UjjT kjjUx; J J /(x) = {x+2)(x+ l)^x(x- l)'Hx-2) ^ .10 

; Cu']Jl Calj^l Lgjuxlnj XxP 


[-3, -0.5] .J 


[- 0.5, 3] . 




[- 0.5, 2.4] . 


[- 1.5, 2.5] .1 


Is iijjia . f J jikO f[x) = [x + 2)(x + l)x(x — l)^(x — 2} [j5iJ . 1 1 



qx9.CKiX) 


[- 2.5, 3] 


[-3,2.5] .1 


Jr*. k 


[- 1.5, 1.751.J 


[- L75, 1.5] 
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IIj^O *-i 4 10 


V 3 ^ 11 . 




Sf(x) = x^- 3 


. I Uj,>^x^ 10”^ \'5s ^1 L>o->w3 ■'13 

^I Jj^jJJ ^jt>Ul oljIjStlll jl>JI {^r2) .14 

,ajjs iijl ijvjj ^ .[b^] Sj3ij[ ^ L^lj x- 4=0 J->J 10“ 

Ojj 4i0j^iJl >.1^ I j I jaaJ Jl>JI (1^2) ^Gudj^l . 15 

.iijJI aift .[b2] Sjlill ^ liSlj 1 = 0 J-sJ 10“"^ 

/? > 1 UjJlc |/(a,)| < 10“^ ^i ot^l = 1 + [/ ft j p = 1 i/(A) = {x- 1)^^ (j£J .16 

ji > 1000 !jj$ i ^ lkb 1/7- Pfj\ < 10“^ 

OjIajui i (J I Ot.W 1 .pn ~ I ( 1 ^ ljuj ijj? ^ 

K 

.lim„^^, (/J„ - /»„ ]) = 0 y 
jjtc J5 jJlc IjLLfijI /(-t:) = sin K-v 5J|l!l ■^^a^J63 . 18 
:^\ ^jUu ^x^Cii I ^Si l 2 < /7 < 3 j 

a -\- h = 2 (jl5 lj I I . I a -\- b > 2 lj j 2 

42lL» Jul^^ ^ r 


— 1 < f j < 0 LoJjlc oi C-J^l 




V = L 


V a^ b< 2 oLS bl 0 .1 

5^ I J 4_i^=b iJiSbj t.5^ ^3^ a} L J . 1 9 

/ A \ 

0.5;i 7^- r^arcsin 



2 /. 2\!/2 


- - h{r^ - /r) 


] 



. 0.01 ft JLJ»J J »UI J*tf Jj>y .V = 12.4 ft-’ j r = I ft .L= 10 ft 

:iuLj kO kj^l^ ( 4 .Sj.>Jlj 0 kuji^ Ijj .20 


x(0 =- 


2®2 


^1 ^ t 5 jL^ ^= to < 

- sin oV 


0 




9 


OlJ .0 ojJb^ ^in JjjJI 10 '^ Jj>ji ,1 s ^ 1.7 ft ji p.^1 

.^= 32,17 ft/s- 



\ ij 
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Fixed " Point Iteration 


q V il t II q Q i II j\j ^ 'a. B 2,2 


Fixed - Point Iteration 


qJjljLII q o i l I j Ij '■ 2.2 



jL>njI ilLuj J.j3aII ljj> ^ jjtaUl-i ,g(p) — p Ijj i SJIjJJ ijulj UaiJ ^ P ja*JI 

^ ^1 jl>Jl jL>yl ^iUJI ILaHI JiL*L Jjl> 

++ ++ 

oULjJI i> ^L£li oLji (^LsJl ^ 

; ^1^^ SAmj P jJLc iGjij S (J IjjJl X^isu^iJ ' / ( p) — ^ J-W I jL^J 'iJ1_yi.« • 

.^(ji-) = Jt + 3 fix) ji ;^(a) = a- - fix) J11.J 

,P jJls \jLo fix) =x - gix) SJIjJJ j^Li iP jlfi ijjLj iLij S iJljJJ Ijj • 

h* ♦ M + - j, ^ 

4JLi^ aAj,u^j L^J.^ k^-LCjj Jji— tjl 

H- H- I 

^ I ij ^LJJ HI I SJslCjlLI I JLJ> IjIl> I J i I ^ ^ ^ ^ ^liaSjJ I 

jLs^l k^juJLj 


^ ■■ t. 


^JnSlJ 4 JpL*J[l l ^jHeJsj (jl ^1 oljJl ^LL>o 

ajLjLIII JjHIJI '■ 


j. ^ 5 !y LjJ I A LiHij I ^ j Llj 

^ J 4 >u? 

■?■ 

4jJij.J OilajI 


.equilibria jijo:: ^Li; 

^\ JlJ ^-LuiJlII . 4 AJJJ 

^bjJI lJ — 0 Jp'i 3j^_JJ 

I 1331 -1966 ) 

LjIjj L. E. J. brouwer 

.1900 OAjJl 

■k 


Uu X = 2 J -V ^ - 1 jij iJbLj j='.i; - 2 < A- < 3 J£J g{x) = X- - 2 iJljJiJ 1 JLXjo 
^(2) = 2^ - 2 = 2 J ^(- 1) = (- 1)2 _ 2 = - 1 


, ( 2 * 2 ) lia 4 Ja_>^Ls ^jSlaujj 


V J 

i 




/ V = -- 2 

1 K 



\ 4- 

\ 


\ 

/ / ^ 

\ 


\ ’ 


H 1 \ i / 

^ 1 / 1 h-*- 

-3 -2 X/ 

1 

^ -3- 



4JljIjJI ^IjlILjJI JjJ>^ 4kJu^Ll^ 4^^ I 


2.2 


^ ■■^ ' [JE~.1V X: J..V J 
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[a, /;] ^ ^L3 g 5Jllil x £[^7, h] JiJ £[«, h] j gE C [Uf 6] oJl5 1j| . 1 
** 

k < 1 ciulj ^(a, b) ^ cjjl5 Ijl tiUj ^'| ^La'^Lj 

** 

.S^J J “^'1 Op e (a, b) JiJ \s'(x)\ < k 

HrH 

.(3.2 ,J£i J^l) 



ijLni>-JI 

jli iJj .5 jIftJl ^ iwU Siwj g 3JllU (^jLa g(b) = h gia) = a ^jLi Ijl . I 

h{a) = ^(^ 7 ) - ^7 > 0 ^ '^[af ft] 0^ <i-sAlo ft(x) = j[,j(x) - x .g[h) < ft j g{a) > a 

rj 

J^j>3 p £ [ci, h) i -.jU I j ‘‘•*‘j.'* I ' ' ■ Ij .h{b) — gib) — b < 0 j 

ig ^IaI) ijjlj ^JsAj P jaaII Ijjb ,bip) — 0 
•gip) = P tjl iS->p 0 = hip) ^ gip) - p 

Ijlj ,[f*f ^ iijlj 'lLjlJ 1» ^ ;!i ^ j P j|j t|^^(jc)| < t < 1 iwJj . 1 ^ 

[a, b] ^ ^ iP,^) JJ-* Ij-’ 4 >*-^ ijlaj-jy I <U^I P ¥" (j ^li 

^(/>) - ^(f?) 


P- ? 


- /(O 


jjl 


p- ^1 = I gip) - giq) \ = I ^'(0 ||p- q\ < k\p - q\< \p - q\ 


[a, h] ^ 4jjUJI 4JalUt P — Q jjl -P ^ q 


ljj» 




2.2 cLLQij4i) 


3.2 Jii-jjj 


3 


^ -'• ■■^ [j ^ - Jr*' ', 
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Fixed " Point Iteration 


g V 1 1 1 1 1 q Q i 1 1 J IjA 'i m 2,2 


jjsJI ^ 5 - 3 jkjUl Ha jl^j i” If 1 ] B jjill ^ = (x^ 1)/ 3 cA^ * 

jjji 5 iii jj ^jUai ^^1 jljkJi oij .^{()) ji) X = 0 Uoi* g ;jijjj 

/jlj ; LAjI 4LiaJLo g 5JljJl ^jLs ■; dUj .jj{i 1) = 0 aJj, ; Liajt X = + 1 


X e {- 1 , 1 ) ^LU |g'(x)| - 


2x 

T 


2 

< — 
3 


IjLa ,jmi Ija J 

■ t 



^j.0^ 4jblj 5 Uo t li^ (2.2) ^ i 3^^ ji 1 1 ^ \ s\c. j a ^ ^^JIjJI ^|j 

1 , 1 ] I P I AjuLU I H»2jJ I ijIj [~ 1 ^ I ] 
p^-3p- 1= 0 ^ g{p) = 




p 


= i(3- VT3) 


1 '[3, 4] OjIiiU p — |(3 + i/l~3) Hu I AjJU a-LlSj g 5JljJJ ,jl iL>'^ 

jju^ (2,2) HajHI |j^jis_>o g 5JljJ1 ijIj aJlp «-Lu lji^^(4)— 5 JL>- 

HjU Aiiflj a_^L^ ( 2 . 2 ) AjLAjf^l ijLs jLjjutfji ,[! 3 f 4 ] 

.( 4.2 JS^ j^\) 


2 JLLo 


4.2 JHjju 



^ ■-. ^ ^ 1 X, j.v j 
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c[ 0 , 1 ] 


J g'{x) = - 3 -" In 3 < 0 oi W .^U) 


0 < A- < 1 JiJ ^{1) = 5 < ^(a) < 1 = §{{)) 


^ i> -[0, 1] 




^ .[ 0 , 1 ] 


J iLi g 4jliUj ;^{a) e [0, 1] ^[s X e [0, 1] jLS |jl 
g^(0) = - In 3 - 1.098612289 


1 

V 


SJljJI 1 . ^ (2*2) ojsjJI q\j ,(0j 1) ^ [g''(x)| ^ 1 

Ml* -fe* ^ *d -fc 

H 4jbLUI I (5*2) ^ . L&jlj 4^.<£?JljLiU S 


5,2 jAjjj 





2 I J. V j 
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Fixed " Point Iteration 


q\- iltll at^ 5 Ml jIjAj h 2,2 


ri > 


S’ 

1 Pfs - giPfi-\) Po jLL>J 

8 ^ P iJLijll dJJjlJij -(? iJijil AjljLjJI 4lai!jL 
p lim p,, ^ lim g{pn-\) == g [ lim ) = g{p) 

/j— >Qo \H— >rK’ / 


// 


5iljjl j\ i\ “aJjIDI Aj a iuj I jIjSu” lj,a .X = ^(x) —3 

.(6 2 ) Jit,: .J ( 2 . 2 ) ^ SJLaij LJ. Aitjlj 


Fixed-Point Iteration 4 jLjIjlII g o i II ji>AJ 

• PO I UjSjJI P~ S{/0 J 

+4 

, A^q JJl^ ‘-TCJL ^ Po :0UJ^A4;>JI 

*+ 

.(J-ii) jl p Jj. :Cjbl>iM>JI 


ij 9-0-tii-oJ 1 

ng K -SH 

./ = 1 

1 

6 ~ 3 O^l-ait^l .Jiiji / N{) jjlj La 

2 

.(Pi p = ^(/7o) ^ 

3 

. (^Lxjj i 

\ ^ ■- h 

P- Po 

jJ.0JlJl CjJl 

+H 

< TOL jir 1 ji 

aSuL^h 7' 

■P H- 

.OSJjJ 

4 

■i = i + \ ^ 

5 

.(Po Po = P ^ 

6 

( M[j — jVo j oMjpSb^i lS/(] j^xp 4ZjjhUJi 

+ ’~*‘ 

. wi3oj 

7 



jLill 

nn 

-Uj^I tp'j^ -^y} -[^ 2 ] ^ Xx>j ji^ L^j x‘^+ 4 x^- 10 = 0 

^;rw^Ul 8 jJljJl X — ^GjUlII 

■PI 

: y*^\ 4x^— 10 = 0 ^ jLSil (^) ’iyH\ 

M- 

-± i( 10 - 3 \[l 0 -x^) 4 x^= 10 - x^ 

^>SJ iLU A-i^l Jljlll jUli/l i> (j^J -^3(-^') jLl^ ^ J-^ 

-X^^+ 4x^— 10 = 0 J-;> ^ ^-.LSJ ^LjJI daiUl ji ^ J^LlJl 

M- +4 

.X = j?i(a') = X — x‘^ - 4x^ +10 .1 


A' = = 


10 ^ 


- 4x1 


X 





-.-yy 
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X = = ~( 10 - X^) .T. 

1/2 




X = g4{x) - 


10 


. j 


X = gs{x) = X - 


4 + X 
x^ + 4x^ - 10 


3x2 + 

,S 5J|jlU 4Julj]l ill jlj4'i (2.2) ■. Pi) ~ 1.5 J-iSj 

7^ijL> 5 Jj Iac j j .(1.2) (1) <JIJlII 1.365230013 

+* ++ 

(— a) i (J) I* CjIjial^^AJ <aj 1 jJI ^bull ij 5 -aj 4 jLill ^iU J SiiaAll 

(jL5 (1) <-UJj ,53 jJI 04^ 


■ 

• jjaJ jj- 

JV ^ 


(V) L)ij ■ 

1 *« >. 
UUlo 

(-) 

(^) 

(^) 

(v) 

0) 

n 

1.5 

1.5 

1.5 

1.5 

L5 

0 

1.373333333 

1 .348399725 

1.286953768 

0.8165 

- 0. 875 

I 

1.365262015 

1 .367376372 

1 .402540804 

2.9969 

6J32 

2 

1.365230014 

1 .3649570 1 5 

1.345458374 

(-8.65) 

-469.7 

3 

1.365230013 

1 .365264748 

1.375(70253 


1.03 X 10® 

4 


1.365225594 

1.360094193 



5 


1 .365230576 

1.367846968 



6 


1.365229942 

1 .363887004 



7 


1.365230022 

1.365916734 



8 


1.365230012 

1.364878217 



9 


1.365230014 

1.365410062 



10 


1.365230013 

1 .365223680 



15 



1.365230236 



20 



1 .365230006 



25 



1.365230013 



30 


L^l "tjl 4 AjuUJl jja^l jSL^JMP (3) JLjLII ^ ^3 

^ £- -t 

4jui .j44^I jLj^I ilLwsrf ih-^JLwI i_?^! <— 

•rn 

J4>J jjSiaj s3j^j^ 3"^ LT^ 4^jUXJ 4jljLij ^OUu 4jb!jjl ^IsiijJl ilL^ ', _ ^ • 

' i» 

?,iwi jL>oI yLu, 

» * **-F 

4aj ^jJ ^ I iJuLuO 

■% 

,4_)aAI jiSi LgJi.» 

Fixed-Point Theorem a 'i il i II 51-^ o i I I qjLa^j-p 
aJIxJI ySjJ . dUj |_yJj 'iiLi'^ljj .[a, b] ^ x ^ JU ^(x) £ [a, b] g £ C[a, b] jijJ 

^,0 0 < /r <1 1 vUuU (jlj (<2< b) 5j^j>jj g 

X G {a, h) J£J U'(J^)| ^ ^ 


2.2 Jg 


_1_3 


3.2 nJiJiij4_D 


\ Ij jpAJ X.I m.!\,j, 
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Fixed " Point Iteration 


g V il t II q Q i II j\j ^ 'i m 2,2 


^Ijuul ij\3 i[a, h] pi) j±£^ 111 

n > 1 JSi pu = gipn-l) 

M ,[fi, b] |3^uu 3 ilulj 4J:iiu i^jlJLiu 

.[^tt h] iCuLUl 4 JaSjJl ^1 ^1 ( 2 , 2 ) jaJu ijLniJ^I 

H pH ^ hi ^ i^i'i > (_) iijA 4 '^J^jlLII (jIj l [cif Z?] Jijtj g ^IjJl 


n 


Ji .1 l:, j . 


^1 4 .. 3 L-XI 3 JI Lj j 


Pn - />| = I g{Pn- l) - 5(/j)| = I g{%i)\\Pn- \~ p\-^ k\Pn^ ^ - p\ 


jl ijjL^I oia JjjLwjj E (a, b) Ci 




p„ - /;| < k\p„^ I - p| < k^\p„-2~ p\< - ■ ■ < k^lpn - p\ 


( 4 . 2 ) 


j linijii^ao ^ — 0 Ljuju! 0 k <i 1 o! 


lim \p,i- p\< lini /:''!/?() - p\ = 0 

r?— ^'X!' |f?->QO 


j> ji {p.}";=o ip *>j 


Pii jjj-fl iJaiJI JjJjS" ijp (3.2) ^ illjjl %^IS” Ijl 4 9 q I 1 i rn p 'i 




P 


p„ - p\< k” max {/Jo - a, h- /?o} 


rt > 1 JU \p,i- p\< 


k" 


1 - k 


\P\ - Pd 


(4.2) ip ‘/J e [a, h] 

\pn - /j| < - p\^ k” raax{/j(, - a,b- po} 

■iA 

(3,2} 4JuajJl ^ 4jj,>CU^I 4jUutll uj^ •?’i ^ 1 

#■ 

Pn+ 1 - P»\ = i ^(/5«) - ^(P«- i)l ^ k\p^ - ;j„- 1 1 ^ • • ■ < fe"|/Ji - All 

uj^ f fj ^ ^ 1 Lfl jkJ J 


pm Pn \ pm Pm— 1 Pm— 1 " ‘ ' H" pn-\- 1 Pn 


— Pm pm- 1 1 “*“ I Pm— 1 Pm- 2 I Pfi-t 1 Pn 


< k'” Vi - /^ol + ^\Pi - All + ■ ■ ■ + k''\p\ - Po\ 


,m- 2 


= k^^\pi - Pi) {I -\- k + k^ + ■■■ -\- k 


m- n- 1 


) 


^ -■■ ■■^ *■ ^ , '‘i. Jr*. 1 4.. J..V j 
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Ixhj Pm - P (3.2) ^1 IjLi-U 

m— fl— 1 ^ 


p- Pn\^ lim \Pm - Pn\^ Hm F|/>1 - po\ ^ k’ < k”\pi - /JqI 


m— >=30 


0 


i= 0 


I bSAj .0 < k < \ J k iljliujjJjb ^Jualaki = 




\P- Pn\^ 


1 - k 


l;^i - Pol 


^liii 



L? 


jJI l/( 1 - k) 


4jLL^U A" Jl>JJ {/^h }*:=() ^jLaj Jjaj ^ I OJJSi ^ LaaLaI^ jbLwL^ I JpiJj^ 

+f 

I »^jLfijJl SjjA^' k oJlS \,k^^ JjUJI i^jUjJI Jjaj 

^ <CuLjjl ^lafljJl ,3^1^ jLill ^ . 1 0^ A" 1i^ 

++ ^^¥ 

. LgJjK^j (3.2) ^ ^ (3r2) JIjII ^ 


gi liljJli (IT .gi{2) = - 12j ^^i{l)= 6 UuJ ;^.i(x)= x- 4x^ + 10 ^ ■ 

L>*^ X ^JSi |^■j(x)| > 1 ^ >*^j(x) = 1 — 3x^ — 8x 2lTj ^ ^1 [1, 2] 

ig ^IjJlI jLuL^-'i I Ijl^ j2S‘ 4jLj jJsJ I (3.2) ^jl ^ 

. j UuJ I J j^k£A^ 

aJ\ji1\ 4 jij 4 4^^! [1, 2] 5Jlill 0l ^giix) - [ (lO/x)- . V 

/; == 1.365 5yi j^y ^ ,2}}j Cy^ J^U .po = 1.5 ^ iPnK=o 

k2(p)l ~ 3.4 |^2(-^)l < I 


= ^(10- UljJJ ..^ 


[1,2] 5^1 ^ g;{.r) = - |jr-(10- < 0 

3 ^ IjlJ i|^^( 2 )| ^ 2,12 ^1 ,[ 1 ^ 2 ] q L^jL> a ^ ^ bui-j ljuJ 

po = 1,5 _J Uj__j {/^;i }J^Lo 3Jbilll ^ — 9 J_A^j ,[ 1 , 2] J — (u 2 ? ^ |.^■^('^)| ^ A < 1 

op JI 3 L [ 1 , 2 ] ^J^[M.5]3^I ^:;l 

L^l L>^ 4 LsjL^ ^j>3Luj ^3 J 

1 < L28 - ^ 3(1 5) < g3(x) < ^ 3 ( 1 ) = 1,5 
^1 [1, 1.5] 5^1 J^ gi cjl -X E [1, 1.5] 

ujjliijJI jSy (3,2) o\^ ^SjJiJl dS — a> L^ji I — >j->w3 |a^^(x)| < | ^^3(1,5)| 0.66 

,eoju.c=Lj ^j_>o ^jji\ 


Uujj 0^ ‘54(JC)= (10/(4+ .r))'^^ ^ .J 


,+ e[l,2]JiJ I^U^)I = 


-5 



+ 


< 


V 10(5)^^ 2 


< 0.15 


Ju ^ Jl g'^ix) jIjlIII J^o) J 



4 JLld 


3i \ I * itiJ 


“r^Jr*4 


ilV* 
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Fixed " Point Iteration 


at iltll at-^oi ll ■ 2.2 


^'4 ^ 


1j.aOuvL) Lc 


J 



bjUu 


H5(x) = X- 


+ 4x 


10 


sLjjl 4 jJLu1I 


3x^ + 8x 






i-'il LbULOi^l jJU; 4^ ^ L« jjSI 

•PI 

,i>jjb 4-ljj jLilifc'i'l ljua iL> 


EXERCISE SET 

ljJj->o P ijub 4 1 sLiJ*^ I lJIjjJI 4_:^ljtl1 ajL^^lLA^I . 1 

:fix) ^ x^+ 2x^ - X- 3 ifip) - 0 

x+ 3 - x^* 


i/i 


,?l(-v) = 


S 4 ix) = 


3x‘^ +1x^+3 


gi(x) = {3 + X - 

X + 3 


1/2 


. J 


4x^^4x-[ \x^^2 

/jfl = 1 ,o'>L^i (1) ^ <zjjSj g ’iJlj JS Ijl ijijji ji-jJ .2 

n = 0, 1, 2, 3 JiJ Pu+\ = giPn) J 
iwA-jjiu jj-^l JljJ^ oi-ft I 

^ i..,^»,>J 1 ijpijl^ji .3 

: Po = 1 Uj-Ic 

^«-i “21 ^ 20/>„_] + 21/ I 


L^Jut 4j£‘j^ 


> . -< i 




1/3 


= Pfi- I - 


21 


Pn 


21 


\n 


P«^ 1 ■‘^ /^n = ;^«-i ; -r^ P 

L^Jb J.5J j»ji>0Lw1 ,4 

; j_ji» UjJlS 


1 - 7 _ 

IJ * * 

PI- i 

P.- 1 - 7 ■■> 

12 


7 - pT : 
pT 1 
pU - 7 


/^/j ” i 


= Pn- 1 


/2„ = p,r_i 


1 + 


/■^/l /-^Tt— 1 


n 


11,2] 


J1,2] J x^-^x^-3= 0 J 10-^ i:uliJl iLiiJJl 4lb> ^Jj^l .5 

I 

^ X— 1 = 0 J 10"^ Jj>- ibLjjl jIjSi ^x>slwl .6 

.Po = 1 [0. 2 tt] 

^ iljLj ^lLaj j^(x) = Ti: + 0.5siri(x/2) (2.2) j»j3«uLjl .7 

^ I jiJ^njL*il J0~^ ^Ja^jjJ i^jj jL^*^ 4J1 jIjlJI ,[0f2Tr] 

^ji^l jj ji^ I lia uj^ ^ *^jJl ois ijjJLtpiil jljilll oljj (4,2) 

.v^jilail JJaJLj 

jl jSJ ,[i^ 1] ^ Sj^j h>\^ L^J g(.K) ^ 2-^ J\ (2.2) l2jijA\ .8 

JJlC jjJjji (4.2) *0 J-]L^ajJ I J()~'^ 43A.» 4juijJl twJU 4Jbli3l 4 -Lt^J 


r‘ 


2,2 OjjU>LII 


4 *■ t 
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JJL2JLCU CjJJ 9_Lh 


, JJjtjLj I jj JiliJ I lia (Jj^ iSjJl OjLfl I iJijIjijisJl 

uj^ Xb^ V 3 ^^1 aJj.SjJ I .9 

*(1.2) ^ (10) ClJjfjiiJf ‘^^^3 

ij jLt^-eaJ I £1 i*> Is *10""^ i5 Jj V^5 I I J I ^JaAjJ I j I |> j3*jLj 1.10 

.(1.2) ^ (11) (^jjJLII 4jL>U OjjJail Ojlj,Su3l JAPj 

AjbLlJl ^lLlCjJLj jlj^Lijl LajulC ih— - 1 1 

.10™^ lijj w 





O jJin-l I CLJjIjSjJ 




JJ-C jJlS 


X = 



1/2 


T' 

L.1. 


X = 


X- 


+ 2 


L»L.^->Jl jiJ 

4 

2 — 


X = 


X = 0.5(sirix + cosx) ,_a x = 6"’' . J x = 5“' 'c. 

LajjlC ^jUjL> Sj^l JJ^ jl i 4.^*^ I ^ JSJ BUmJ,! SjIJJI ^j^^OUvI ,12 

: 4juUijl ^JaiUJb jIjSutll 

45 Jj ^jjilail JJufi jSB ,1 

*4l3LjL*i»>Jl iU *1_3 

* * 

[2,3] ^JLia_.b x^-2x-5=0 -V [2,3] pljj^U 2+sinjc-jc=0 j 


A - COS A =0 


3x^ - = 0 




j I ij 1 jj LU I 4Ja£2 1 j j* I j2*ouj Lj ./(■*) ~ -1“ + lOcOSj; _J LjJS^ j LL-o3] I J I .13 

* ^ 

,10”**' <5jlj jLi.z52!l J - -I t'l 1 1 

.[4,.i] r J X = tanx J HJ”'* 45 Ju JjJl> 0L! ilbUJl ^laSjJLj jlj5iJ . 14 

>,3 X J ZsillTTX+X = 0 J IQ-^- 4§J^ J-::^ 5i=^b jIjSj j^J^Owl .15 

^Pq = 1 ^J3^1wl .[1^ 2] 

; ^(a) = 2x- Aa^ [^Lj A . 1 6 

i P ~ 1/A j,»J| ■. \jL^ A.>J ajuLUI aIaLJI aJL^ 4 JI ,1 

S *+ 

.iailj <Cl;LxLo^ I JJlrJI jIj^I 

^ Po /ijjUjl jl Ujic 

4Xj[j 4 J 3 AJ (2,2) aJu^jJI wjL^j5 0 ^ (5 1 'i tijAj g SJIjJI j->j1 ,17 

. [0. 1]^^ 5^3 

x€ (a,/?) JiJ < A _j U"'(x)| < k Jj^l Ijl (2.2) iidjJl j! cj^I J .18 

.(^^wI^JlJI 

.g'(x) < ^ k Jlj^l 5JU ^ ^ (3.2) oi 

*(^3£jdl JUlb ^15 jjiji ^ X J,5J ^(-*^) “ ^ 0^ ‘^■ 5 ^ 

i^ljuill (3.2) 4jjbjj! 

1 ^ ^ 

7i ^ 1 0-SJ X;p '^V[— 1 "t 

2 x,,_ I 

.^To > VI Cj^. VI 

% 

tjji ^ 4 JI x^j ^V2 0 < ( xo - VI )^ CjjS 


2uLlJ1 
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Newton's Method 


OJSWJ ^>b ■ 3.2 


■"fi < V2 0 < xo < V2 

Uji* yfi (•) 5JLzul (^) j (i) 


■Ad > 0 


i- i- 


IJIjllII q[b ii._jL_>^ jj*- /\ q[S y 4 jI cui^l .1 ,20 

i^t I ^ 

H ^ I 1 

Z I 

,A'o > 0 UjJuCt ^1 

A'o< 0 ji jJ IjU .1^ 

«■ 

^ ^ i < 1 JJaJT' JjjlL-jI ,21 

O^i (1.1 ^ (25) C^yjil jlaSl) /7. < I yJ^ CJ^LS ^ [a, h] 5^! jJLiJ 

^ CjJ I j Lo 4jJ& I & O L> b-u.i.n I 

ijuLiSl ^JsiAjJI * jJuf jtfl'i ^rAU iiljU g illjJf ,jl I .22 

^|i i ;?Q“ p\ < 6 jlS" y 6 > 0 jU |^'(p)| < 1 131 4jI .JUi^i ,g iJllil P 

iolDl U=Aill jl jSJ 

.4^jL:^I 5j3 w 3L> ^I iajUl ^ l5jj^ aJp jilw jJU^ 


y t Jlaj ps***J^1 ^LiJjf i ^L^jI ^ f'}7 4Jjl£j 



23 


A' ^ 


173 


) 


5o — 300 tt Jb-s/ft ijyjllj J-oLaj — 32,17 ft/s^ 

, jwiL^I jjJl OlS^I 0.01 s Ib-s/ft j m = 0.25 lb 

6 > 0 -U''(p)| > 1 J = P ^ (a, b] 0^ 3 g ^ b] qSJ *24 

Pd ^ijij'ai 0^ |W i> .i/>o - pi < i/>i - p\ op < Ipo - /^i < 6 y 

lj| "iS 4 JljI^I 4Ja£jJl jIjSj i IjjiJ ^55^1 /^1 ^ jlj^'iil ^ P Ijj'iAio 

,Po ^ P 


Newton's Method 


OJ wJ iiiij>Jo 3.2 



li L^ J L>J I y US ; ^ UJ I 

M^ .aq 

i^jUj UjJL*/I L^-Ljs'JhJ 

AjJLj LL>^ .(4.2) 


opi-- ^ 5^'^ ojjjJi jjijUl jj^i lSj^I ^ {0y^^j~Cyy^ jb iP>v 

■ «• 4>q 

OJlA ^J.^1 ■- ,jJ.J^I 

1^ jJUt I J Ujl£ I 1 * '‘jt 'UlLs jj I us I J Lb 

rj 

J, UlLij I LAj I J >. LSlJ I J jU? Ujl! I 

1 ^ 5IS US ill I jIjSSJl ^ iJjS-i ajIw 

.jy^lj SjmS A^jlo a I J.WIi...' *i 

.±Ax>o fix) = 0 ^1 /> JoaJj iljjSJ po e [a.b] ;j£Jj if e C^[a,h] ^jl 
./(a) ijljjJ jyijlj Ljju>j Ljjl \p ~ poj J f'ipf) f 0 

Jsi J.A>Jj A = /> ji£ laU....»j Pa 

fip) = fipa) + (p- Po)/'(po) + f'i^ip)) 

= 0 jl U,y ,p0 j P \i>y U ^(/^) ijl ^ 


^.AjUiLSU I & JJ& 

r<k 



Isaac Newton (1642-1727} 

IS J ^bi“l ^LLJI IJ^L 

Jnit- ^ Um,' ' ij I Jr^ I . '=I-Ul j ^ I 


jl< 17th 


(Vj! J l ^ ^ ^ Lj J I ^ 

Jjja . U^h^‘ O Li,p U jJ I i-_u L> JS 

jLsaJ^ LjiJ 4JiLh Jj 

■w* h ,7 

4J Lvuj |^^_5 ■ -V “ 2. V - - 5 = 0 J 'HAi. I 

^ ' Lf^ i ■ Cb 5 p 

. J I o iji jj i ^J ^ .». - ■■ ■>. ! L I ^ I' 


Ls^Lb- U lI jJ ^ '. J I 4 J I 

-I J C ^ 








a.Va 
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0= Apo) + {p- Po)f{po) + 


ip - Po)“ 


riii p]} 


^2>iCuAIj Ju>J I — P(^ L# 4 jI 

IjJ jkA\ [p- ;?o)^ 

0 ~ fipn) + (p - /?())/'( Po) 


P ~ P\ = Po - 


fipo) 

/'{po) 




{/^ri}^=0 5-JLioll ^ Po ^1 Jjbl ^^^1 t^3"H J-2 kJ OJJij 

•HI H- 

/(P«-l) 


rt > 1 JiJ Pn ~ Pn - 1 


( 5 . 2 ) 


f'iP>t-^) 

(L^l (15) I jJmI) ,4.juLu)II oL>,iLdl ^ I L iL i ajS (7.2) 

jJkP ./ ^IaI! j_j..iL«dl JsJv- (ju> Ji '•Pa 

[pi, fipl)) f illjJJ j_^L«dl iak» ^ P2 >— jijjSjLit JjUj iipoi fipo)) 

Ijji (3.2) ‘Lwjjlj.iJi , Ij— Lsij 



M) 


Newton's Algorithm cu^jjig_h 

■Po ^ /('’'■) = 0 J jL^'^ 

jjj j^i .TOL I . p« j;i :CjIL±iA^! 

h+ 

."J-ii" 5jL^ p ^j2j Jj> :Ob>iLcJI 


Joseph Raphson (1648—1715) 
ji.?- .kvi Jl JflJJ 

Lh C E -tj 

^ ijl^ — j liuijLij 1690 ,nl. — -t 

iJIIm^I ^ fl [j-'i^ t -^1 1^**^ I 

_j j LJ“jr: ' j 

>; 4ja1.7i i I Ja j^AJ U U iJ 

.i^jU Jj JU>J I ^ J ^ I ^ 0^ 

^W,i^ jj— 

James Gregory (1636 -1675) 
I .^LaJL^aJ I ^4 ■; I IS 

oi cuiisJl lift 


7.2 jAJj 



ALGORITHM 

q injjI g-Sl I 
3.2 



> 45 ^ -.- - 
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Newton's Method 


m 3,2 



09 _bLzJI 

./ — 1 

k...- 

1 

.4-p^l 6 3 il^k^M Aij3 / ^ A^Q ^Ij Lo 

2 

.(Pi ,_^i> p = pq - /(po)/ /'(po) 

3 

■jp - Po| < TOL fji 

j 

4_ia*J 1 ) (p) 

4 

., = ,■+ 1 2-® 

5 

CPo ^-^“) Po = P .« 

6 

,•? 

^ A/() — , iV() J *^l ’1 ijJ iV(} JiAJ 4£_j JaJi dJiLiSJ <.I1jL>- vikll 

.w^4J 

7 


, 4^ jl? L^ii^udaj i 1 ji=J Liol I 

fe% 

^ P\,^-- PN 
Pn - Pn- 1 1 < e 


>-jJ p i£ > 0 jt>- jLijO 

( 6 . 2 ) 


Pn ~ p,\- 1 1 


Pn 


< £ , p^> 4 0 


(7.2) 


J 

( 8 . 2 ) 


(9-2) 


|/{p,v)| < e 

j3 (8.2) 4juUjJ.I (jl .(3.2) Ajjjjlj3JI ^ S^jLtiJI ^ (6.2) ^JuLlII ^ 

(1.2 (16) ^^^1^1) Jpa?” p\ I Lia-^l Jjh^ kJL^'LajlAll I 

M M 

'■ ‘ ^ .! ^ Pn ~ ,?(/^H-l) I qA Oj»j^ AAjjia (jlj 

, ,^. / ^ fiPn-\) 

.2 1 jiJ ,?(ft-,) = /-.-i-pi^ 

J] 

SjiiiJi ^ Ij j L* J. a ajJKiwI C,>lj1 jSui HijjJLwl lift ^IjJl 

ff. 

^ 0^ (9^2) 4_rj*j=JI ^ *(2.2} jLi^iiJl (3) Jlill ^ (_,>) 

jj->o UjIc iajjkil ^IjJI ^ i>«AJ /'(pn-i) = 0 ^LS" Ijl 

.P 0^ 

oift jjj^l jL>^| iJL-iji ijj ^f(x) — cos ^ “ A" = 0 ^IjlU k— ujij IjjI 

Sjy>^lj ^I (8.3 pbw^i A = cos .V 4Juljjl I ^Lil 

•fcq ' 

L^Juflj ,po — ^/4 ^ JJjLIII 4jaiLlJl jlj^ ^\X> (32 ,[0/tt/ 2] Sjji!l ^ P 

+■ 

jilj d^3 -fi^) ~ COS.V — X (_s ^t_illi^< jj*J ULoII oia 

^ IJUiIl ;^La i/'(x) =“ siii.t- 1 
cos p „- 1 - p „- 1 


n > 1 , L£! pn = pn- 1 - 


- sin p „- 1 — I 



3.2 


Pp> 


0.7853981635 

0 

0.7071067810 

1 

0.7602445972 

2 

0.7246674808 

3 

0.7487198858 

4 

0.7325608446 

5 

0.7434642113 

6 

0.7361282565 

7 




I 2.i.( \ ."k u 


ijr^ 








Solutions of Equations in One Variable 
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,/! = 3 JulC Ij-ti-ftlLa pQ — tl/ 4 (4.3 

- ^ ^ ^ i I ^ I 1^ CP JtH j-^' ^ ^JLjJLj j Ulw I j-i4uj 

•M l-l- 

|y^ “ Po AJjtiLa {p~ Po)^ Q j *. A'tl I J_>Jl Ij 

iLy po (j£j jJ IjIj .p ^1 Ij^ LLyJ /^f) 0^ jJ U CjJ 6^1 






U-j 


^Ja^^Ll lajjtA Lu^^j 4JLjL*& ^jli 

■Vj’" 'T^yaJl iSLs- ^ ^ JL> 


.(o'^L>Jl 0JJ& (21) j (20) 

.7^0 <AJjia] ^iXJl h^jIajJI 

5 > ti JL>^ '-fip) 7^ 0 j /(/J) = 0 p E[ 7?] Ij] ./ £ /;] 6^ 

O , /?o G[ — 6^ + 6] ^^IjXjI p {/?^j}^-| ajjLXIaI aJIJuII 

*+ 

pn = gipn-i) Amjj '-Uj_is J,}l>j 

^ ;i > 1 JiJ 


^{A') = a - 


fU-) 

I'M 


i.f.,.j; ^1 i.gjra g 0) J-^ ^p- s>Aii ^ .(0, 1) k t>£J 

.X e (/) - 8, /> + 6) J5J |^'(jc)| 5 ^ 

^'1 (1.1) ^ui (27) 0- (a) ¥ o ob -^' ol 

aJIjJI Ij^ij ,x e [p~ hi, p+ 5|] c [a, 8] J f{x) ^ 0 6] > 0 j 

(j I LiS . [ /^ — 5j, /^ + Sj ] ^jji^ 4l.j'».i,aj g 


g\x) = ] 


f'[x) fix) - f(x) f'{x) fix] f'ix) 


[f'(x)r- [/'U)]“ 

-g^CHp- 6i,/>+ 6,] ./ G cHa.h] 0 l .xe[p- h,,p+ 5,] J 

o'i i/(/J) = 0 


8.2 


JJj 


4 2 Jg 




Pn 

rt 

0.7853981635 

0 

0.7395361337 

1 

0.7390851781 

2 

0.7390851332 

3 

0.7390851332 

4 


5 2 ^LLoiJLUD 
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Newton's Method 


L>JW-i ^>1= ■ 3-2 


(1-1) jjainidl (27) ^ ('^) 0^ '.0 < k <. \ i 4J-^>jLc 1? o"^J 

j 0 < S < 6 1 ^ S 
X e[p- d,p+ 5] JiJ |^:'(Jc)| ^ k 
OLS" IjLi i[p-8,p+6] Jl [p-5,p+S\ JIU g ^'ijl 

'Jj J -.p jx C}^ ^ lo jjjJ ol ^1 jjj 0.^ ■’■' e \p- 6, p+ 5] 

- ^(p)l = I J?'(c) ||a- - p\ 


|^(ji:) - p| = I ^(x) - gip] 


X 


- P\ 


X — p\ < i’lA' — p\ < 

g ^IjJI jLi jij .|^'(x) - /?| < 5 j |a - /j| < 5 jU ix € \j}~ S, p + 8] j| .±j^j 

.[p- b,p+ 8]J\[p- 6,p+ 5] Jil; 

_j ^ 'GuIjLII aIsajJI Lg-li^ (jl 

^ , 1^1 , . fipll-i) 

n > 1 J<J Pn = gipn-i) = P„-i - 777 r 

f {Pn^\) 

f. 

■ ■ ■ -A) e 0 - 5] p ^1 vj^ 

JlL^ aJ^ jJd i^jliLij 5JL^ I A_jl (5^2) |^^>-c3ju 

illjJl jLIjLdI Jl->j k lujIA!! ^1 iij i^j ^Ijjul jUjl^I 

„ „ MV 5 :^ 

liiij .Uyl l^\ jl_^l ^ Jl^\ *>>' J^3 

U-pi«j ^ I I I J J LU I ^ 1. AZj oa! I 

i 4,^ jLw iJ bJ I o jJuJ I j ^ ^ Aw I jjij j ^ I ^ , 6 Xi x>-3 

M V" 

e ^ e ^ t s 

. '^J ^ U ^ I J 4w I Lfl I J i J I ^ I ^ J 0 ^ 5^ i* j 

^1 UjL^L>- 4 LIAjj LaJuw L^ ^jSi AojiiJl (Jliti Cjlwl JjLeJ O! 

j_j3l jjS'I fix) ojSj l» L4 Uj J5 jj* / ^IJl jLo-51 

.f[x) — J 4jjUj “UI 1^ y£\ 

0^3 ■ L iiJjL>'j ajju i ^LiijuS'ifl aj.jj." ^ I a j ^isL^^Uj 

/(x) - /(;:',!- 1 ) 


/'(p»-i)= lim 

■V 


X " p„- 1 


Uj J 4 X = p „- 2 


/'{A,-i) 


fiPn- 2 ) ~ fipr-i) _ fipn-l) ~ AP,i-i) 
Pn—2 pn— 1 pn- I ~ Pn-2 

Cp 3^ ^ f'{p„-i) ^1 

fiPn-\)i P„-\ - Pn-l) 
f{Pn~]) - flPn-l) 



Pn = Pn-\ - 


{10.2) 


Solutions of Equations in One Variable 


:ij:sl9 CjJJ ■ 2 ljLlJI 


6 & 




{4.2) J ''Secant Method 

M- 


4 ^ jIp 


/f 


IjJ^ Ju a 


JsJ^JI ^ X 2^15 j OjL^ P2 0,^ ^Pi 3 Pg 6*wy^ 19.2 

JsjJl ^ X ^L2j ijs- OjL^ Pi .{pi> fip\)) 3 g ipot fipo)) 0^ 


iP2> fipi)) 3 { Pi, fipi)) 


■Pi 3 PO ^ fix) = 0 J Ja. 

ji J-ui L TOL L^ ^^4^1 jjjuxJI i Pi j pu :CjJJLii3^l 

Sj'^ y /7 ^j5: > :obi>ioJI 


Q 9 _cui-oJI 

O 9 I 213 JI 

-^1 = /(Pl) J <?0 = fipo) 3 /■ = 2 ^ 

1 

6 “ 3 i^l^iaiJI I ^ 2 V^^;j ^1“ 1-* 

2 

■( P’ ) p = Pi - qiipi - po)^i (Jl - f/o) (^ 

3 

d\^\p - Pi < TOL ijl^ lji 

, 1 1 ^ (/^) ?' >*^4l 

■ ■■ 

4 

■/ = / + / 

5 

iPQ, (la, Pu (p Po - P\ ^ 

qa - qi 
Pi = P 
q\ = fip) 

6 


7 






Ls d — I 
secan I 1 JiJI 


Ixi- *0u>vL=— iJ IaI I 4Aj vb A I , sjajt.1 1 

r -V ^ 

lyyjialj (3^ t ULtjl 

. j. I ita-tjjijJ I jLtlsjij 
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Newton's Method 


OJSWJ ^>b ■ 3.2 


lu LLa I U jjj ( 1 ) ijllll I XJL^ JUlII 

M b-r 

.po = Ttl A 

ijjjjj slLjjJsj illjJl (1) (JLUl UjLs ,x = cosx J ^LUJ 

cjLL.^ 1 (5,2) ^J-Vj 1^! .pa ^ ^1 A 

P\ — 71 ! A t /?o ” 0.5 ^ 


Q l«Jjt j» 


/I > 2 JiJ Pn - Pn~ 1 - 


(p„-I - p„-2)(COS p„-i - p„-i) 

(C 0 Sp„_i - p„_i) - (COSp „_2 - p„- 2 ) 

. (4.2) I 


.CjJibJI Ijj^l i^jJl LUJ P5 ui c5jj '■(1) JL^I ^ .iillj Lia ^^LuJI IJjUjjj 

•H b-i- 

I *LSj jJs I b XJ I jJ I j I I IfiJ I J' 0 1 


* (4j2 I ^ (14) i^Jp4^1 J^I) . 




!jj&ji .p^ ^ 5ijJl ^ ^ Aa ijr^ 


CjLo 



JjU iX^Li j^\ L^ji^U ^^iaUJl jl 

J Lj jju£ t I I Jjb I wJiw3 (jj I jU \ & i.a 0 '* I 

4ji iP jJlJ^ Jpj->u uJLi*£U1!I 4ibjl> ^ 4^ bail ^jj ^jj . IXj j^ 

oli ^1 J! fj^j .bn J «. (jM Lfi u ^^jL.>jil ^po.>v,£jJI jjaU 

\P» - P\ < ik'n - ^n| uij~awj3l ^jIj 

jl Lj’jo-i.Aj jjLJ^I iLL>l ^1 , k^LjL>Jl Lia-^ ljJ>- ^^j^l 

•M 

jjLj> Jj>_j f (x) — COSX — X i.::.il^ CH}i^ 

o! i* P‘^. Lf-4 jj->JI jl J=^*^ .0.7390851332 Ojljia 

v 4 i 

. jju^l |jLIa^^_>a a (5. 2) JjJlJ> oLta*^ ^ ijUi ^ a£,> 

.bJjj ^ J-^ ji P^ J P5 

^2>A*jgJL? 1 ^ ^ ;; ^ cijL^jjij JJJ^J Fals6 Position LLlJ>J 1 ^^jjll AJLjIa ^jl 

^ \Zj I J L>j I L^ I I i La j-e-^ ^ ^ 

S. J* 

^LeJI 'iibji) i-j_jLiLj p2 --jjjSjJI f{Po)'/ipi) < 0 ^ p\ ^ po jliS» 

^Ls li>. .(/)], /(pi)) J (po, f{Po)) ilhff J-s»^yi ^ X ^LHj Ji« 

P2}Pl jlj^l Ij^ Ijp -f{P2)-f{P]) ^1 ‘'P^ 

■(P2, fiPl)) } {P\, /(/■'l )) U** ^ X ^LiLi ol ^ P3 ‘ 

■(P2, fiPi)) 3 (Po, /(Po)) (IhW J^l>ll J=>Jl v'‘^3 

fipi) ■ fiPi) Sj'-*! op iPi 3 -Pi 3 PO j*^ (>J 


2 JLLxj 


5.2 Jgjj? 


Pn 

fl 

0.5 

0 

0.7853981635 

I 

0.7363841388 

2 

0.739058 1 392 

3 

0.7390851493 

4 

0.7390851332 
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^UuJl j1 

Reguie Falsi 

;0 Jl jl 5i5ljJI ioiliJI oOl 

|3 1 biAjLwti I 5 I jJ ^ 

1^^ ‘"1^ I ^ '■ L ^ 

4j>UuLJ w-J I, .1.^ I -T» 

■nJ^I IJ-L*u oL>o1 ‘ a, , 

J/T W> ■' j"c ^ ‘■•■^ ••' 

joA," Rhind o;'Lj o J^ ^ J^l^i 
LJuJu 1650 L-ajJ^.ls 

kj . . P- J + 3 

.J^UU 


^ 1 .^ 










Solutions of Equations in One Variable 


ij:sl9 JJLSJLcU CjJJ ■ 2 ljLiJI 
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^ P2 ^ Pi jUJj \P4 Pi j ji P2 j P2 a|ji30**il Ljolt 0^ ^ JJ->o 

+4 * 

oJu-ftJ 1j , Lila. lO I j L>%j j I I & j-ft I j I jSj j . S I 3J L>J 1 

^ O-U L>-c- oljlji]Jl L.Jl^ (10.2) JiLi '■(5.2} ^ 

+9 ** ” -H 

^ *^1 • ol^jAjJl j| • ^LUJl 


10,2 Jiijjj 



False Position LkiiJ t (55 g_cJ I 

fipo) u! P\^ oj^isiJl ^_jic <L^ dij / ^ f{x) = 0 J J^ 

. 4 jdx>rj 0 jUS j L&i^ / [ P 1 ) J 

, t-TOL, y^yt^X I Jj J->JI Pi j Po ^^IjJbl :Cj 1 L 3 JL^I 

."J-ii" SjLj: ji p :ob>iLj! 



ogJoAJI 

<?/ = ,/YP;^ J cio = .//P(iJ 

1 

: V — r jUj ^ ~ ^(} ^lj Ij 

2 

( Pi ^ 1 ) { P ^ Pi ~ ^i(Pi ~ Po)/( P i ~ Po) ^ 

3 

\p- Pi\ < T'OL ,j, 
CP) 2 >^i 

♦ ■■ 

4 

tj 

+ 

II 

■-.J 

II 

5 

P^^ Pi ^ q qi < 0 lj[ 
qo= qi 
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Newton's Method 


^>b ■ 3.2 


P! 


P 

<{ 




(TVy = A^f)) 3 Nq -i*j iTjLs-jiJl 


7 


8 




oLwjiuJl ^ f(x) — co.tA: — X “tAjiall LL>JI ‘T^3 

• P^ <J*^L> ^ ij^Aja ^1 ,(2) lJLHI 4^ Js . 3 ! al * « ' ^~.-. I ^| |, 


6.2 J9 


iJ!! 



,^%LUJI Ljg-^i.iA.i' ^jJI ^LL-C*^ Lia^-JI ^jlj 

isUuAJL 'a UsL^I ^^jill ^1 i^Lal I ijLa^^AJl i.^^JlLlIj 

wj I j L-o ^ Lj I 4ju jiu 5Jj IjLfi UJ I ji? ^ ^ I JJEj 

++ ++ 

£■ C 

ijj I j I ^IjpLxJI qjla ^j«ajL^3L^ i;„r^ ^ 

.(18) J (17) 0*fJ*^* 


Ph 

n 

0.5 

0 

0.7853981635 
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0.7363841388 

2 

0.7390581392 

3 

0*7390848638 

4 
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5 
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EXERCISE SET 
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.P2 cy^ .p, = I j f(x) ^x^- 6 0^ A 

I (^5Lj Jj!> ,P2 'iibjls |*Jv>CLwl .P(i " “ ^ J f(x) = - CO.TX -2 

VP» = 

.Pi - 2 ^ P(> ~ ^ Laji* f} J->-jl ./ (x) = x‘ - fS .3 


IkiKjl U. 


I , k^ 


^jal Ujjt |»jj 

*i’V6 -z 


^Po - i ^ Po - - ^ Lj1& Pj , / (.x) = -x^ - cosx A 

^ liLl I ^ I ^ I 

* LLi 3J I ^Jijjis ^JL^KjLjI , 

1 4.^"^ I J^LwwJLi JO ^ 4-a^j J^^J->' jL^*^ .5 

A-^ + 3a" - 1 = 0, [- 3, - 2] -V -5=0, [1,4] . I 

A - 0*8 - 0*2 sill X = 0, [0, n/ 2] . J x - cosx = 0; [0 , tt/ 2] 


JjLwkflJJ 10 ^ i-fUJ LyjrH .6 

1 < A < 2 J£J + 2"-^ + 2 cosx - 6 = 0 .1 

1.3 < A < 2 JU In(A - 1) -E cos{x - 1) = 0 

3 < X < 4 j 2 < A < 3 J£J 2x cos 2x - (a - 2)^ = 0 

< A < 4 j 1 < A < 2 (a - 2)^ - !nx =0 . j 
3 < A < 5 J 0 < A < 1 J^ e" - 3 a^ = 0 ._a 

6 < X < 7 j 3 < .\ :< 4 (.0 < X < 1 JiJ siiix - e~^ = 0 

jj^-7 

4iij jia L#Jl^k2a*ul# (6) ^ JJ^ 

, U3t^^J I ^ ji? Lo jL^jL^kd {5) 1^5^ .9 

.LLiiJf UjljkILuus (6) jj^ 

1 4^21 1 JO ijUU kJjJj>- Ijjsi kCj^liJ I ^Ij^Ul j>jL>\X-fcfl .1 1 

A + 3 cos A — e^ = 0 for 0 < a < I * 3 a - e '' = 0 for 1 < x < 2 * ^ 


3.2 Q ij I Q 1 1 1 q r g 0 n 


-- 'i', 


145^ 
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Solutions of Equations in One Variable 
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; JjL-juJJ 1 0"^ JjJL> I li* ^^jii^uLuil ,12 

,2<x<4j\<x<2 JiJ x‘ — 4x + 4 — Inx = 0 J 
< X < lj0<x<|^ X -\- 1 — 2sin;rx = 0 

41 i 10“^ iijj Ailjjft |ij3o ^1 . 13 

(x, x^) ^ L# iiLJl d(x] jLj , V = X“ ^ (1, 0) 

■lx 1,0)^ I 

^1 ^ ■' 45 Jj t,^jJijXl ^j34 L— jI , 14 

,y = i/x (2, 1) 

JO; h] ji o2^yS\ \ ^ — jUJI J5 — CPy^ T^y ^ ■ 15 

4Lujso Bjl>-Ij P G [rJj b] J_jjvj ^ ^jjil ^ dUj ^ j — iS'U ,[a, h] 0 — ^ /Xx) ^ 0 
jjlc f J hJ>- ^ — U 4L^ Pf 5j j ■ r^; /?o G W u ~ 

I (Pn- 1 r / ( /^K- 1 )) JulP X J -/ J Ja_^ /^w jJjl^lJ ,X LaIjIs ( /^Oi ,/(/^o)) 

, 4^ jJaJ I 2 I 4-Un^ I 

4AJMaJ 1 J->J |i j3%!w 1.16 


„ _ n 

PO 9 


^ 0 = ^ + - X sinx 


I cos 2x 


IjL— I ,10“^ ^jJl i^yu A iijjft (3;i 

,p\j = 10?T J /7() = 5;r j»lj,>Cwlj 4 apWsJI ^L> L^I ^! 4jywuJU OjLi^l 

4ajIjJI 4_yi jJ I 1^ JjJl^ SJljJl^ . 17 

f(x) = 230x^ + I 8x-' + 9x^ - 22 lx - 9 

JjL>- .[0, 1] J — a*i) [” 2^^ Uaj_;>-t - jLilA^ u'j^ ^ 

; Laij_a^2*j-o 10”^ 

Ua.^ I ^ jJ- 1 - 1 

^ UO I l5j jja . 

* (^);^ 4aLu,j^ I JsliLjJ Ij (i^) J ( I) 4_iJ I jJLjI j->o 5^yi5 4jJjfiaJl Jal^jJ I pX.a4ju*j I 

Pii = 0 J ^ 2 ^ .(1/^) arctan 6 — 0.44743 J 543 L-jjjlp j - /(x) = tan:?rx — 6 7 SljJJ . 18 

^1^1 ji ljj& JiJ ,1 ./;-] = 0.48 J 

•' 

LLl^ I ^ 

^IaJI ’iijjla 

i=U,*Aj I 4jLxu3U tilJ I A^^si J Ij*?"! I ‘iJu.c? i^j i.lS^ ^ ^ 

./'( /J»1- I ) P>!~ 2 - fjPn- 1) P«- 1 
f{P,i-i)- fp^n-l) 

.(4.2) 4jjjjIj3kJI SUa^ll ^JJj 43J JjI C j.0^ 0JJ6 4A-U£;> _}-^y ■?'^J 

5jUJ JjJL>J| C>^3?y jsj3Cwl .± 1.3793646 x^ “ lOcosx — 0 ^AjU^aJJ .20 

:PoJ jk^l aia ^ 10'^ 5ij 

Po = -25 po = - 50 po = - 100 • ' 

/jq = 100 .j /?(] = 50 * /?o = 25 
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Newton's Method 


^>b ■ 3.2 


(iJ^oLiji ,^'^'2 J ^ -A ] JjJ-^ 4 a'^ “ ~ t" — 0 4JLu^ilj .21 








: p<) J |kt^i 8 is 

Cf 

10-^ 

LUJ 

+4 

Po 

= - 3 ■ 


/>(] = 

- 5 -V 

Po 

= — 

10 .1 

Po 

= 1 

■3 

/% = 

0 --® 

Po 

— 

1 --> 

Po 

= 10 

L 

Pq = 

5 X 

Po 

= 3 

1 

A 

Cy^ 

U.iJ 

**^ 

1 

jl jSjjl ^1 J^ 

J.XC Maple 

^A->^lui-' 

1 .22 





.10-'» fix 

) = 

‘ COS 

X - X 


JiJS- 4 J /(.t) = ln(.A- + 1} - cos 7T X 5JU 

,ja^ iJL*Jl 10”* JJl^ J 

j Li-^l 10"* JJL^ . s— t 

iWjl ; il^jj^JU) *y J /I jJL^I jLpo"^ L^ljjbl JJ^ 

(./ J 

./ J 


I I j ^jnJpO LiJ I j.tf,.r»J I Jl>mJ ^ ijiij 1 ja I . J 

I 10'^ j ^ 

435,000 


1,564,000== 1,000,000^^^ + 


- 1) 


4_uwJ I oL^ JjlC^ ^uuuiJ 4 ^puaJ I OJJb ajJ^Xwl , J..i^aJ I I jJb (^ 5 ^^ 

.4ju,^l Dj-a J^>L^ (_>A3«vJi 435j000 Jjaj Lj^JJju ;4^ljJl 

^ t 

3^1 0|^ ^ p JAP , 3 ^ 1 IjI .20 [jIjajS' ^25 

M- 

.10^ i>-=> Lhjj^ .155.55 

^ L»AjJ.'».'i (jSLaJ ^jLiJbCl ‘Lu.lo >—i L.^>J A.tp^l jllI «La.ti?.l I .26 

Jili- 






^ = -[(1 + 0 "- 1 ] 

( 

/ C IJjLjIp! ?'JJ-!'I ^ Ijp A-WjJl A JjLaJ 4 4A-UiaJ I OAa ^ 

f. 

jJ':>ljj1 I .lAjljlill 3JJ& ^ JAJtSj uSjJJS^j 5 JvLi- SAjUJI Jaaj 

mw 

p 

$1500 ^lj.1 ^ Lx.i^^ 1* 4 ju*j 20 aaj sAPliij aIp $750,000 J wjUijy^ 

VL|j.^.-5 L^L-jl-> jltLa Ij-* jUjuL*!^' DJj Li Jakj JJI Lai . l3 I Ia* 

4JLuz;l! I 5jA.>ua Oj^ UsAjA^ju- i^j. Hall Jl^^l JiLwiij .27 

4= -[I - (1 + 0-"] 
t ' .. . - - 

tAjLxiHl J ■ ^ ^^LUisJl DA* . AajLilp'^ I aJ^. JjUJlJ I 

Jjjvj jail jA^I OAa ^ n J AjJj SjAJ>^4 S JxB flAjLiSl JjjLo I JisJj 4 L^ SjA*-xll 

^_>^ji!l A^A..aJ (j3jaiil ^Ij -ijlj 5r|j*5j jJutJ 30 ^AflJ $130,000 OjIaHj ^| 42>L> 

SjAS ^jualjj flAjli Jaaj I ,$1000 djIjtiAJ 

• iJJ. JSJ f.fL c(,) =A,e-'^ lijj ;^y jjj, ^1 .28 

J mg/ml ^ > .iajIajs-^I ^>0 A rjjL>^ ipLa / aaj 

V ^ ^ I j^jjJ I I AA I J j*-La jH l! ^ !■ jJ I I La J 

.0.25 mg/ml ^1 j^UakjI ,j^ jjI! s-IjaII lift -V 

, 4A^J i^jil ^1 djIj^I OAft S‘Uapl JA->- 


\ ij +- jpAj -~ ■ Ji.'*. .* bi^V^ 
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Cubic Spline Inlerpolation 
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dj Cj b, aj X, j 18.3 Jg^ 


- 0.25 

0.00 

5.44 

1.3 

0.9 

0 

0.95 

- 0.30 

0.42 

1.5 

1.3 

1 

- 2.96 

1.41 

1.09 

1.85 

1.9 

2 

- 0.45 

- 0.37 

1.29 

2.1 

2.1 

3 

0.45 

- L 04 

0.59 

2.6 

2.6 

4 

0.17 

- 0.50 

- 0.02 

2.7 

3.0 

5 

0.08 

- 0.03 

- 0.50 

2.4 

3.9 

6 

1.31 

0.08 

- 0.48 

2.15 

4.4 

7 

- 1.58 

1.27 

- 0.07 

2.05 

4.7 

8 

0.04 

- 0.16 

0.26 

2.1 

5.0 

9 

0.00 

- 0.03 

0.08 

2.25 

6.0 

10 

- 0.02 

- 0.04 

0.01 

2.3 

7.0 

11 

0.02 

- O.ll 

- 0.14 

2.25 

8.0 

12 

- 0.01 

- 0.05 

- 0.34 

1.95 

9.2 

13 

- 0.02 

- 0.10 

- 0.53 

1.4 

10.5 

14 

1.21 

- 0.15 

- 0.73 

0.9 

11.3 

15 

- 0.84 

0.94 

- 0.49 

0.7 

11.6 

16 

0.04 

- 0.06 

- 0. 14 

0.6 

12.0 

17 

- 0.45 

0.00 

- 0.18 

0.5 

12.6 

18 

0.60 

- 0.54 

- 0.39 

0.4 

13.0 

19 
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13.3 
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JLiSJw*^! 5 ^ 

JJL^ ^ I ^ ^ ^ I J_;> i A^‘i 4 j>uulp 0 J-^o ^ j * 


3: (13.3) JiLi ^^k*j 

** 

u 20 4_^ jJ I 




4 

3 

2 

1 



► 

X 


13.3 


jJJ 4j^UX^j Jl 7-l-L>Ju4;t * Ji.>Jdl Ijjb iwU JuJ <iuL^aIl 4j>Uy^ l a 

vf 

jbjU U j^f-tSLI I i3^ l^jlJ I i ^ ju^ ■* i-U5-o-j t oj L^ I & JA lO j3 1 jj jJ 

H ..LJ;?t.>J[ I I ^x>Lijt 4 5 w>J 1 I y.^ I 

t t ^ < i 

Ijjb ijj * I <Ua/JJ JauLiJ-l JiwI s_JU^^ ^LSCb JjjJi-l jl 

. ^w>^-U I j ^ ^ ^ ^ ^ JjlC' J ^ X _j ^ I J JnJSm ^ ^ j.^ I 

jlS"^! Jj>JI jjUj 4ail^ isli; JjiojJ "^LsJuj, jiljj*o-.b J5Lill J^ cA«Jj 

J^i-1 I ^ AJjUuJuy f'jJJl 1'^ (j^ oLjJL>0w 1 4jJLfrLi 
; 1 JljjJl L«jjl£ ^0.. Afi-l I Ltxl I 

H- 

Lllxll uj a^L^I ^jLwJ xlcj :Bj!iiiJl jjlc UIjJI 4 Aliui 

iL^Ull i> ijl ji (7.4) iLij.^1 |»IjJk1»iL jL>^1 D^J 

SJLhjlII tJslJaiJl U j-cL^I ^jLyJ Jjj^j .(S'. 4 j 1.4) y>^^LdaflJ I BjjSjJll 




I 4-?o j.JiU LLx^l 4^Aj.oiL? 

fSchul, pp- 57-581 


a 


LUp . J-^l loi» ^j 
oift jL>j| .^tijLial 

W J ■■ * — t Imt ■■ J * 
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Cubic Spline Inlerpolation 


g 1^ 1 i oA I tl q tu II J[ ^ L Li I m 4.3 


l|l>b S lj! |/‘^’{^)| = M / G C\a, b] Cj$J 

4 JI 3 = -Vq < X\ < ’ < A'l^ = 4 ju*uJU Z' J OX^jJI 4.iLiJLll 

■-• 

5M ^ ^ 

\f(x) - S(x)\< max {Xj+i- Xj)"* 

■ _1K4 0^ / ^ /I” 1 


iSj_>Jl ojjx>Jl ijj AJI 2JL> vA^ljJl 4_pjJl ^ LLi^ jl> 

.( |BD,pp. 827-8351 ^1 ) -L^U-= :>« 

ftjSiJl |_^_4 iibbLjjIl isjj .iJb SJjUj 49 J bjf ^bu 5 jj>Jl OJjJjsJl Jsjj bJl «j 

4JI JjJj <LoJ ..Z' (-^o) ”* ./ ('^h) ™ f 4 ^JljJl ij^ ji^J L— a [^V{), X^j] 

J^l /lr7r-a-fa;^7^ Sja^'^OI -Lj t y> —f la CjU^jJa4) — J >Jl 

jjuPj ^1 aIc 5 Jl£u-o S^^^(x) .--jJIJj -LjJJI llftj . ([Deb 2 , pp*55_56]) 

EXERCISE SET 

j(0) = o,/(i) = i,/[2) = 2 ^ui^i dl^L jn s s; 4 ^i ly.j-i::in Uoj-sJi jla- .1 

«# 

/(O) = 0, /(l) = l,/(2) = 2 ^UUJI 'Jl>lj JA-;.,.-^! 

Lri 

-.?'{()) = .5'(2) = 1 

cjULuJJ s>Ji LlujiSjl!i .3 

++ ++ V + 4 - 4+4 **^ iL ^ 


X 

fix) 

. ' ^ 

X 

fix) 

0.8 

0.22363362 

8.3 17.56492 

1.0 

0.65809197 

8.6 18.50515 

A 

fix) 

X 

fix) 

0.1 

-0.62049958 

-0.5 

- 0.0247500 

0.2 

-0.28398668 

-0.25 

0.3349375 

0.3 

0.00660095 

0 

1.1010000 

0.4 

0.24842440 






:4juJ*^l iJijLjLjulj 5*w>Jl ijuujiiiJI ijso 5 ^ 

■++ ++ V ^ 4 + 44 ^ ^ ^jT 


.4 


X 

fix) 

. 

A' 

fix) 

-0.25 

1 .33203 

* 

0 

1 .00000 

0.25 

0.80078 1 


0.5 

2.71828 

X 

fix) 


A 

fix) 

- 1 

0.86199480 


0.1 

- 0.29004996 

-0.5 

0.95802009 


0.2 

-0.56079734 

0 

1 .0986 1 23 


0.3 

-0.81401972 

0.5 

1.2943767 





•SI 


^lj*l!l JljijJI jilju^xjLjlj ( 3 ) ^j-auJ I iJuLjLJI i»:ijL>n^ .5 



LLxi^ 


j ;/ (-^) j ./ (-^) jaH 4jlJ 1 A' jkJjiJ {3} ^^j4uJl 


t * 


13 .3 Olxtij^ 


4.3 



qx g o 7 > n 


■ A \ I — ifij 


Ij 
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Parametric Curves 


O UUL^iJ-o-l I ■ 5,3 


,{15,3) ij.jiji'iLj jj>*c3c>w> I jiLiajJl ljj& 

( ^ I I ) i LiJ I I ij ^ ij i- 4-H.i.gj ^ J-SLjJ I 4 J j i jiLd I i Ul! i jAj ^ I 

M- ^ 

L** tl ^L.i Sfcli t 4 jL 9I vj '^4^Li5l lI^LiLj ijjji jj U" i,^i 

■fc- * ^ / w- 5 * ** 




1. g JiLl j ; Ow^bjid Cp^LJ^>ju» A^jJ y^£,a^j 

^ ^ ^ ^ mw 

/>51olJ s-baJU ^LfJL^JJl Ljlj^^^ ^ j^AjjfJ I >JlJ bLuJajJ I lu ^ bsj I 'djLuj Ij 

cjLi^Uil oia (> Jj>lj e.jj> jli 4 ^Loj>j ^Ljj> 

■Hi i-H ^ 

JL&SjLwI jjJj> tol ^liiuLjl Ijjt 1.5^^ 4 j 2 j ^‘1 4J *i!l >— ij^ 


r' 


'il 


+ + i ■«■ * 


oj J jij. J^l j*jAJ o“i ,^1^1 ji 

+ 1 M 


, 3 I V^>^ I 4-uuutjLLl i dJLj b ^ J a 

^ » -M * M -H ^ 





AjLjlu:> 


6^ ^ + * ojS^ ^ 


oUxbJij L^l^i bl5 

rj: 

4^;^ li dJj-u ; bU jJ ^ I l_3 J ■ ^ ^ ^ 

cbljb'il _x1p 4-w^^JJll ^bwi-s^ ^ 3jjL>ui1 ^Ll>Jj .<Jb>- ^v>^-U I 

J Lfl^.1,1.1 1 XlSbbd I ; IA.9 b Li.ji-^ I J-U,u ,-'' 




jl>Jl 1I iji ^ Ji] oljL'^l jJl^ CjUlLill ^1 iJ^-ubj-ft 

•M 

wjiaSJII JjJl>o ^ i,(a‘(/o); y(^o)), .*. r(A'(/jj), >’(fjf)) obLJlisUb ^ /i + 1 aJ 

" -fl 

*bUj Jlaj i = 0; b . * . ^ ;i }■’ (^i) J i-b-^j i>_j-^j /3 jIa^ d-fb**j •^Lr^wu-j'^' 

^i ^ab JS ^ bJ Jjb ^^1 Dj^ja^I bjw3 lla 

Lj^ .i=^ jjb^i ^j^i ^ ^1 bib jdLb ^LSJ ^Ji ^H\ obi wiijbibdi 

rl, -M 

-3 ? OjbjJ& JjA;> w^ljbS JjJl>o 




(a:( 1), y(l)) J (a:{0), j( 0)) ijljisll siiUUj (>l UU ti = 1 j ig = 0 ^ 




U'i 


,dy/dx (at r = 1) j dy/dx (at t = 0) cjlilJillj 



■bJ' 


J Lbj-Lj bliij ijl 


U-' 


u 


1 '■ biP' Lul;u> I ' i, abj /' 1 b 




I yXi 


4jlA jjJ. I 2 jj& ^\=£J J| . ^.ASjJLf LjLIJ I 


4_iili‘Jl ,"1*4^ L|i;.g.i.iifTj i-_jt_ 5^ 

aa + aa ^ ■■ li a a la 


-1- a^y gwu I 


1^ A 


ol Cb^ 


, 'ijji' jU 


Jr *- 1 
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L^Jl* y(0 j 4 j I ^Iji i Jails 4 JL^ Uu I 

e 

4SpUmJ k ClJ LLuu^ i 4jlj 1 

/ m ^ -M ^ 




^ ZJj ^ ■ 






Lju> 3‘ (0 J A'{/) I ^jS 4 jja^ 51'0 1 CUjU 

_y j X ^ ^)-^ljJl oyU^ .x^{0) , x^( 1 ) j y^(0) , y^( 1 ) 


T ,, . f f Y ,v \ 1 f j 

Wqa (/ = I) = a ”T”U - Oj - 

dx 


V( 1 } ^ 

jr'(l) 


y'iO) 

x’{0] 


(x(0), v(0)) ^^gJL>ULoJJ (_y»)L*II iai' ^li . ill jjLij j_)AtL^ iJjL® ^ }"'^(t)) j A'^(O) julPj 

^ (j_j^ ‘ J-»Le 'uJSj (JS-i ‘ *1--^ 

-(jc( 1)< >’( 1)) “L^LiU IiL> .(-r(O), _y(0)) ;> (_^Uil Ja> V^jSj 

JxtaM,^ O L^ 4JailJ JJcP 4 JLLjJI I li ^ I JuLI I 4^^^ L>J I I 4»jJUW I rLu«di^ J jh>' J^j-l J 
jl>LS* LoJlSj . i^jllal I Ja_^ (^guicl^poiut 5J*4jJl 4JaiJ_> 4 ^Lj 4JajLj 

.J^IaJJI ^ ^UJli Xl> I ^i,ug> I i. 4Ja^ I jN^ ^*^jJI aIsju 

(-t’O/ }■'(>) —1 ^(16.3} ^ {-^b y-i) j {'^'Of yo) J^LSjJi 

iwi-y oj^ u! ■ «i’>’i-/^i) ^(jci/yi)j ^j'i'jJi UjGj ;(-^o+ «(),yt)+ A>) 

,3a>J [0, 1] x(0 

x(0) = Xo, a{ 1) = Ai, x\()) - (io? a'(1) - a\ 


-2) 



A-(0 = [2{Xq - A|) + (Oo + + [ 3(A| - Ao) - («l + 2fj!(,)]/^ + (J!qI + Afl (22.3) 

'^ . HT + * ^ 

j j JjJ I BjmS i k_)y...i'^LjJ 

>’(0) = Jo, >’(i) = y\, y'(O) = /?o, /(I) = /?i 


16 3 I iAiii 


j(/) — [ 2(v[) - ji) + (/io + + [ 3(>'[ " >’o) — (fii + 2/)o)]^^ + + yo (23.3) 
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(22,3) > 



J 


L>^ 




,^1^1 1* J 1 1jLiajl 3J-a JulP , 

//^l J ^A) /A> W;-U*Jjl Ci{ 


17,3 JS-^I 4^Li^I jS^^jJl iJrJ^ 
1 (0, 0) j ( 1| 0) U jle (23,3) j 

^1 j = A) -u*^ J^l jL^ o! 

(Jljls^l jLu Aic J 4 I ^JMC 


2 JLiij 


^ -t , »p*. , H I J. V M 
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jS ji ojLSJil jilj^oLvl ^X^IjjLfli 4 _uL^ iIL>- i^jLixll 

* *1 *fc "" 

fijus wpijjSjiJi ^"^jJi JpIajj JjiziJf tr^ckbsll jL-aII 

4^LAJ] >3^jJ wlL^j'^-l jL^-> ^ 4 ^L^I l >^^3 '' 

I Iji^ 4^1111 LrllUl jUi^J i. l^liiJj 


SUIlJI 



■(J-^ 

M 

, J^^jjLo i^J ^^JajLriAj ^^^1^ Jjw Lfl^ H^jJf iliijJlj BjjlUl jiajj 

II.2J LxI^laI 1 i-^Ls-ju>J ijjJUail i^LjLJI ijip i-wUi -^LjJI jfjjJuiJ 1 

iUajJl ji J l^CLaJi. 4-JjJL^^ jpo'il ^j lU^jJI Jaliij^ 

' ' -Hi 

^^UJbJl L^.&wj, JI-uU^ 4ai^.>^ I ^ya ^ I 1>^ 5j j ^ »Vi I I I >7^0 1^ 3 j 

JJ>Xi ^1 Be'zier OjljJoS L^l 4>>s>^^ ^ 

*4 

^1 4ji3w^jJl J I lJjX^ Ijja^ .4 jL^J| J 3 U 3 jJtC toSJUu^*^! Ju£ 3 ijf4ii^ 

x(/) = [ 2(x[) - j:i) + 3(ao + aj)]/^ + [ 3 {a'i - ao) — 3(a 1 + 2an)]/^ + 3ao^ + xq 

(24.3) 


v(?) = [ 2{y[) — >’i) + 3(Po + 3i)]^^ + [ ^(.Vf “ >’o) “ 3(Eli + 2[i())]f'^ + 3Po? + yo 


J 


. al fej jl ^ 


(2.i.3) 

^ 6 ^ * 0 < ^ < 1 




L5^ 


» M 

a 



1 n 



1 


Sjuo^Aj yljLiJy^Jue (6.3} 

.(25.3 J 24.3) 


Be'zier Curve J^j-h-} 

1 ^ 

:^^'L5 IUjj Cj Q, ... , C„_i Ijjj/tiill jjjM cjLijKii ilJij'i 

+ ^ 

(A,{r), yi(r)) - + aj'^r + « 2 *^"+ + b\’^r + bj^t^ + b^^h^ 

(^'j I 3^'/ ) iS'^^jJl 4 lLiiSj-j 5jJ-;>-a L^l ^ 0 < r < 1 J 

i — tij 1^.»* I n 1 ^JySj ("t^z+i? ^/_|.j) ^iko, J I iliaJUj ,('^^r+b .Vf+t) jIsJ I aJaCj 

* (-^Or 3^0 )^ ■ ^ ■ f ( ) 1 f 3^0 )if ■ ^ ■ / 1 ’^ij“ 1' 3w“ i^ ? ^'^1 ^ 3 1 )r ■ • ^ I ( ■tp.j f y^j ) ,^'*\ I J ^ \ q J | 


{0 </<??- 1 JiJ al^\ Ci^y \ 4'^ «3 ^ b^2^ /?3^} o'>UUil :OLi>i&JI 



(1910-1999) 


JLjI 




L 




PlerreEtienne Be'zier 




r 

jLpk- i^i^PU l 1 jIj,Ll 




^ J 


g E 

jJ 1 I 4.J^30< I jLt , 4 n...^- 1 1 

» 1 960 fflbt ;^jjusjd I a .. j ;i ..i^.^jij 
f ^ 

3-s.a^jj 5 4 I 

r “ o J 

■ 


4(U 4? . 


^ 4 — P * ^ I 




J lT 


J.>yU. 


cijLa L>u i ^ 4jua_wjL>- JjJ ij 

^ ^ ■ J " J 

.cuShL^Ji ^jUli (3D) 
■+ 




n i ^ i 


•* w 


-uL^ufl MJ? 

m*w * ■•■ t ^ 


Be'zier 

^1 julLju L^( 

jl>3 L 4 fl^-5 

-iiaijjl jiLol Ui^ iijU 

7^ 3I S°^ 

- +- 


o±ii 


t A T+*" PPPB 

4 ^ (JJL^JU 


liJ 


jsLEjyy 13 ^1 w kiiki r 

Adobe Postscript 


w><iJJk 


,1^ 


7 : -y 


.^njyu OJkU> 

I ^ ^_4 -. L_J 

r* 

p-LpUdiJl *■ 

•• V j/f [ '■ 


ALGORITHM 



6.3 




- .1 >. 
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q 1 in 1 Liig II i il i i i ^ 1 1 ■ 5.3 


b^P = 3{yl - .V,-) 
aP = 3(.v; + i ~ 

bP = 3(.V; + y- 1 - 2>T) 

aP = X;+ 1 — X; + 3.lc4 — j 

hP = y;+ 1 - Vi + 3>T - 3y.:; j 

2 

/ (0 (0 (i) (0 i.(0 j(0 f(i) ,(')\ 

.(fly ,«2 Ao '*1 ,t >2 ,b^ ) ,iuU.j>ai 

3 


4 



4 ^^0 J 1 CjLS vj AjulO aJsujIw 4JjL(j_o 4ju ytu <jlj I ioUjt,>ail A §5.'iJ 

ijLil .iiJl^l LLaIII 2i - Yi j 2o+ Yo j i j1*U 

4_ljL1j jLjjLi ^^^g4->gJi I jlLp ^ipJiliJI jaJI jLjtj*il 

, L>J I LtJ I ^J.w Jp! I ^ Ij P ^ ^ ^ 4jdjL>\,4J S J JaXs CJ Lu^ ^ JL>.A..,iJ 

OJ^ JjJaj 4 ^LSLa| fj^jll Iju^ 3 jjju 

iJJ-a Ajj LuJ I w9 W' L>J I O U ^ ^_uJ L^ I J ^ i J JaII I s— i-"SJ I J f P ^ J I . ^ v> '- ^ flJutJ 


.[FVFH] 3 I [Hill, F] 


EXERCISE SET 

sljjl aJi.>iji. 


?■ 


LU: (x„ yi) = (5, 2} J (j:o. Yn) = 


1 


jwjlj 1 



ixii],y{i)) M 



i j » I i»^"l I 


jla Clj uyi 

( 1 , 1 ) } ( 6 , 1 ) .1 

(1,1) j(6,3).^ 


(0.5, 0.5) 3 (5.5, 1.5). w 
(2.2) 3 (7.0) ,j 

, I ^ I vUiS^ U ( 1 } ^ I jy^ ■ 2 

I L ^- Ij Jsl^j «^l^^*il I Jjl1lh.» 4-^A1a5u]I jjj.^ .3 

.(7, 3) SJ'ij ILii (6, 2) lUiU (1.5, 1.25) ‘iJ'ij „ (1, 1) “^UUl j 
.(5,-3) 2J‘Jj ZLiw ^ (fi,2) 2Ur.n (1.25, 1.5)4J2ij ^d, D^ipiiJl 

L’Ij ILSJj (3.5,7) U>lj ;L£; ^ (4,6) ILL^ (0.5, 0.5) "d**; ^ (0,0) iUUl 

.(7, 2) ^ (6, 1) 13^ (4.5, .5) 

^2lj (3, 1) ^JaAJ (2, 1) XLttijiJ (0.5, 0.5) 4Ja^ M (0| 0) iliaSaJI 

^ (6,-1) '-LL^ (3-1) (1,5) iii.|j H'ij ^ (4, 0) -iUiJJ (3, 1) 

.(6.5, -0.25) 


'.it' (6.3} JjJl^ I 


/ 


.V/ 

Of) 



/?.' 

0 

3 

6 

3.3 

6.5 



1 

2 

2 

2.8 

33.) 

2.5 

2.5 

2 

6 

6 

5.8 

5X) 

5.0 

5.8 

3 

5 

2 

5.5 

22 

4.5 

2.5 

4 

6.5 

3 



6,4 

2.8 


CaULuJl 3 Jlp^ 1 L>,I .4 
.. [• 


5.3 (jjjLojLlI ^ 9 -o 7 i 0 
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CiljaX6 vy>^9 ^ 


5- _. 

JaLiij ^ (?/j, 0^) J ((/y, D^) iUuil Ji LujaSiII e jl .5 

^ (m,, 0,) j (j/j, Oj) ^'ij 









1 


jl La jpju, v{f) ^ m{/) J 

k( 0 ) = Mo> w( 1 ) = ^ 3 , I/'( 0 ) — U\ — M(), — ^3 — H 2 

t;(0) = Ii( I) = W3, 2.i'(0) = Ui - I\), l/(l) = t’3 - ih 

JJJ^ o' 1-2.3 JSl = i>, j (• = 0. 1,2,3 JSl f{\i) = «,- jjijJ 

■v{t) ly* ^ 3 ‘jwjJ I i> 0 :!^^ ji ‘ m( 0 y> -5 ? y 3 I (jjLi-Jjj 

+4 ^ t+ ++ ++ 

(1,3 I ^ 29 
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Vi l 17 1 II 9 ijll j I I 0JJLLD 6.3 


, a Ji 


Jij I 




f 


* «■ 

Jl>lJ ^ 


li 


T^.y^ 


■LJ 






I (j.0 ^nJa«Jl Jal^ A.*ll^ iJ^l^ (j-s ji AMjjjtJ ‘Lr-tj- ^IjJI 1 .. ‘ • 

,4jliU JU 

++ * 

■rn 

^LioilS ^j_^l SLLla-* X(); A' I , * * . f A" J? ISjJ I ,j 

i^£_>o ajjujSj 4 J U ^I 4_>L>u ^j->>-j ^ LJ-LlU I 0-^ lJ3^ ^ ^ ^ 

jjjj> 5j-uS^ ^^(a) JlaiLLjl S ji .cjUL^il oift J^ S j ijjjAll 

f *^l^ J^l iJlJ-lj 

i = 0, 1,... , n ^ P{xi) = /(a,) 

.4a!jL^ jl^U ^ ol3 k Jiff'll ,.tl 5j__4^ (^1 

/? ijj^j’ I djjtf ■ IIj^j -^:tl JjIjlj^ «xj Lo LJL? 

^ j^\ wL^ ^ Jm 5^jL /Uui ^5 UL£i!Ij oUuUi jL^I 

jjJj>Jl ijj^j --^ ^ jl^ LjJ^Ij 4U£j N=*Jl JjjL>Jl 

. I oJ..J> UllJ I ^.iigiJ I ^ j ^ jJ»0Lwjij c k_j Lrf_>JLI L* w Uu jl5 1 

j-Lc fjH Ijl i ijL>j jjJl> JL&£3 N4il 

.ilLsJl aia ^ ip^j^ 

iLS-jJI jJlSt I ^‘^1 ^** -'^'‘-^j idljJl kJiJuLojji ijLjl 


jjjm liiJLjLfl , L^^jpSj jijrll iJljJI jjS”I ■- y wJj il>^ L 

,Liui <Put^ ^L>J OuUjJ> ^i?l&]jl ^ 

.aljij^ J L?ii'.*ti-..ii>- 1 ^^jJ^ljJl clLs^ijw^l 

#1 +■ * +» H 

l^l ■ ^ ^^^JL^IjJl JU-SX^L j-Fv^aJiJ 4 jL 9 ^IjJl IjlJ' 

\^y>^ ^ L^J-ltj, ^ 1 AJtipi? (JJUj k^ljJl I 

I wm f-B 

Ll! I ^jlLjaI I 1 3-^ . I I I I J >J U.Sl!L*i I 

^LL>oj CjULu ^ i^-jdL Cu j .cJljL'il JuP Ijijp J ■JrtJJ 

. J Lll I JjUlU.i . Jj£ a -JudJ I I ZJ I jJ I J I 4jr^ Li.tiJ.l 1 I 4j>o yJ^ 1 

.yllijU ,yLi-b JUli-*':^l Jju j>ijji2i-,*ii ijjU ij ^I JL»£i-ji jL> du* 




Ijy^ 
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Survey Methods and Software 


1 1 1 nj 1 II g ^ "i Ij 1 ^ ] I 0 I L L n S 6.3 


♦ +* . * 


IIJ 


IxSl .3 JjLju^ 


lT 


i^jlH Fast Fourier Transtorm .^1 Jj_>J 


^ ^^^Jl^IjJI jLtSuL*i*^l .OjjJ li 3JljJl LsJjJ- C-jUL^H ^ 

, L^_tf ^5.9 * i— I Lj I ^ l^ u Lj L^ I 4^ J dJuIj J«£3U> I J j J . I l3 I J j J 

»■ 

ijia ioLjLJI Least Scjuares ^_5j ojU^jII ..,..>b i^juLt .-i-v,^guj 

^ jjL^ I cu L?tj jJl ' ^ ^ "i I j ^ j| i iJ U J L 4^1 j11jJ t JjJ_> tJlJ 

Jjo^ .^LUI *^LJl ^ JjUuJ ,oUL^1 

^LlSJl ^j IMSL 4^ ^ 

++ -M 

> ^Ij JUis — P radical Guide to Splines by Carl de Boor [Deb2]’' 

iJ^L^ I j J Ut£ju-j^ CSDEC I JjLouJ I p jJkj ,mj^^ * 1^ I j tJj J^L>- 

4_j,rj^.5_'i jLaiLj'^ ^ CSPER l jiJu34L*xjJJ ^^LIj ^ 44JUxiLj 

6^ jLllw’^ y> CSHERj .ijjjJ J-Lplijj 

ri-h 

I jJ I JsjJJ I J J5 . 3 J 4 . 3) jj ^ ^ ;jj J Ifi ^ CS DEC ^ I Ij . o 

JUaj .(4.3) J--*iJl ‘-LL^J CSINT 

^ ^>0 ^Jl^^'i -*i .U^l j.^JuJl tUu^lj cjOj^juJI 

1* »■ ^ 

. Lo.J I 3j^^J>^ i_Ulx5l3J| 4^Lu 

J_i) subroutines 'i jh«'t r— hup;//www. nellib.org NAG 4 - _JuS 1 q 

,^1.1 J’ "<“■■. *i E01BAF jjjL».^l^^b JL£j^*i E01AEF 

<M +4 -Hi Q ** 

iiOjSiJi U oill j.Jb*u_-u .13^41 ,^xwt<Lill Oub y> -*^ E01BEF J 


Cf 


iaglll L_a) .AtL^I 4gjl_gJU JsUj jJLf oUL^ iJU^j—.g'i E01ABF 

^^Ijj NAG (jgCuAIjj ,J j^L^I ^jjl Jjl^ ^ E01AAF 

^ ■E 

,Liiul ^lljjJ JLaSuL*/*^ 

%%■ 

pppack 4ojj->JI J^l > cubspl.f 4 JswJJI 7^1 jJl netlib 3 aI£I! 

polint.f ^slatec ^yj>^\ u^j 4 jJgl^%o i j j.jj ^ 4 -uj.^ 5 uJ 1 »--jLwjl>J 

4g^ji 4jiijLj ** (jJLiXfiJU)) 4jJaiijLa lIj C L^ i IJL jJ 44«MA^Jiil 

.slatec/pchip J^Li- j> ol^^l vjLi->J 4iJai« 

vf 

^bl^JaUi: 4 js^4JkI . l b<'; -. '^ INTERP1 ^ ^1 MATLAB iJlj -I 

ijlg5ulwl jl l Jla^uL... I jl k J J lo^JL... I aljLdv^n'U ; A^JfiAXa 

■-I- +A H- ' 

^Lwj>Jl joi jjj-> INTERPI cjL>- 3^J JLaS^wI j\ i 

Hb- M- M- -hA 

^jk^\ oIa^jJI POLYFIT j>l w1 (j£^^ ,4nJaAlu JpUiJ 4^jjJKfl J_JU^ 

/>4 fl-\- 1 **# l 3Jlj jLj^'^ ( 1.8 jJ-iailJ I J — Lul^ 

rA 

tLigi^ Maple j^IjiJKjL^I .SPLINE illjJI ^ a^ju^^Sj .5jj->^b illjJl 

>int0rp(Xj,Yj,x)^ jjj_>- 5jjJ^ 

M 

[x[0], x[1 ],..., x[n]] UiAill (> 5,L>j: X .±*jl> 

[f(x[0]), f(x[1]) f(x[n])] ILfcJI ^ OjL* Yj 



~ b. lA 


Interpolation and Polynomiai Approximation 


^ Q \ J I I Ij 1 1 ^ ^ _ L 6 1 Q ^ 1 S I \ i I [J [ qA T L 1 1 IJ [ BSljIjJI 
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.L-^l Mapl6 ^ 1 . jil Jl>oLj* 41 Jui j-iAjIII jpS’ Xj 

>readlib(spline); 


>spiine(XXx3); 


oLi i Jj LmxJ I I Y'_J X 


LjJL^ I J ^ ^ 1 I 

Mn 

Y = [y[0] y[n]] j X = [x[0],..„ x[n]] 


. 1 I ijj j ^ I 3 J JaJ I J I. j j A I I 1 ^ X 

. Ld^l <Jl.AJU J 4 

■H ++ *+ 

J J^J Davis [Dal J Powell |Po| ^ J— aiJl I Is ^-J 3-J1 >1' X_»bJl ^ll 

.^JJLj ^Ij ^1 Jj^ A — s_p &ia .Schoenberg [Schol^^j — Ij ^lj=^l Jj^ 4 — s^yi 

'Schultz [Schul], De Boor [Deb2], Diercx [Di], Schumaker [Schum] 


^ ■■^ '■ ^ ■[-*■ 1 a.. j..*v j 



You have either reached a page that is unavailable for viewing or reached your viewing limit for this 
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4_>L> *(5.4) iaiia ^LL>j J ^jI L^I 

*{5t4) ^ j^jlII (2h 4) *{4^4) 4jLi.^ I iJIjIj 



f oU^jLsil ^OjIiJl tjjflJb k«jujLia (4.4} <^.Ar^J I ^^lJ->CL*^b jJ 

. i->- Lu ^3 .45 S j4^ I ^ j Li^ 

.jji I ^ i^Liij ^^..<.'3 (5.4) j (4.4) ^ ^IjUl ^1 

dJLX^ JbUw i ((5.4) <A4i^l ^ ^ iilliil <iaIjJ( jl 

filft ^O(h^) LL3JI 4->- (jj£j jl 5Jll!l 5-i^ ^^1 

+n 


f{xo) = -rb [/{-«() - 2h) - 8 /(jc„ - It) + 8 f(xo +h}- f(x„ + 
12 /? 



+ (6.4) 


.(2.4) ^ jUX21 LXQ-ir2hj x^—lh ^ ^3 

Ji <ifl,'i..>l iOjJaJi 4 „w1Jls JaLiD I <k^ 

d3.4) ^>rf:aiLl I i 4->oj,.^l 

M wr 

1 

,/"(xo) = —[-25f[xo) + 48/(xo+ h) - 36/(xo + 2/?) 

12/? 

/?^ 

+ 16/(a-„+ 3 / 7 ) - 3/(jto+ 4/;)]+ 

‘ A^O “1“ 4/1 J AVj ^ 

cj Lw I L> i t /? > 0 j 1 0 JJ& jft I j^>>Cw b I I ^Liu o b^jilJ I J Lp^I 2>^bj 

.h < 0 Ujb^l OjUl <laAJ 

ljU /^(a) = (a + ^ }33Jd\ ;jl loj .fix) — xe^ iJljJU II 4 & (2.4) 

^ op ^/(2.0) jIjiJJ Jb^:e)' J^(2.0) ^ 22.167168 

^buJi j I ^j*fcfr.>J I j 


24 iJ.^ Lu 


.'.A\ i« ^ 


us 
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Three- Point Formulas JoLaj oUJJI 


- 0,2 


0, 1 ^ (4,4) 

[)* 1 (4.4) ;slj->%!wb 


^[-3/(2.0) + 4/(2. 1) - /(2.2)] = 22.032310 ; ^ ^ - 

' [-3/(2.0) + 4/(L9] - /{1.8)]= 22.054525 ^ h = - OA ^ (4.4) 

^[/(2.1) - /(1.9)] = 22.228790 : /? = 0.1 ^ ( 5 . 4 ) 

^[f{2.2) - /(1.8)] = 22.414163 : ^ = f>-2 ^ ( 5 . 4 ) 


yu I & ia ^ t Lia^ I ^ 

#4 



-i 


U-2.47xl0-^j -6.16xl(r^j 1.13X 10“^ j L35x 10 

Five-Point Formula ioLiij yjx^AJ! 

( ^ ^ I I Sju_^jJ| h ~ 0.1 ^ ( 6 , 4 ) I 

yi^[/(1.8) - 8/(L9) + 8/(2. 1) - /(2.2)] = 22.166999 

, 1 . 69 X 1 0 ^ 1^ j L*ju Ajuit^ I 0 ifl LLl^J I fj I 

. Cj b I ^ I ^ I ;j i I jJ I ^ 

:^bJI Sja-iJi 4.*^ 1 j (5.4) I ^ LLiiJl 

■ .A = - 0.1 ji h = 0.1 jL^'b ( 4 . 4 ) lk^\ 


jsljuiOwb 2ii3j iSJljJJ bi*Jl oL^jiu jb^^ iL>Jbia i3^ljij jUlLSl y>i*j 

4iJjL>ij Jabj JJu^ 

- g * 

^IjLclo 4^^^^ JaiLS bUjJj 4 ^jIjlLj^Ls LiLa^ 

jJi.£ I Ij ^ ^ bJ I 1 ^ ^ ^ J -f Jb^u.fl.ui I Jj I 

03l ..X() - /2 j X(.) + h 


fixo+h) = f{xo)+ f'(xo)h+ i/"(xo)/i"+ y\xo)h^+ 


6 


24 


f(x» - h) - f(x(j) - f'{ xo)h+ |/"{xi))/j- - i/"'(xo)/r'‘ + i)/j'' 

xq - h < E, - 1 < xq < ^ I < xq + h 


J-‘^3 /'"(xo) j f(xo) iSy^ j_s^l jjxjJI ljl 

+ ■ -M 

f{xQ+ h] + fixo- h) = 2/{a-o) + r{xQ)h^+ ^[/'^’(^i) + /<^>(^_i)]/i" ^ 

tj f (-^o) 4jtJU^I sia> J*>vj a 

■ P4- c H- W * _y 



h’ 


(8.4) 


r(xo) = 7 t[/(-^o- h) - 2/(xo) + /(X 0 + h)] - + /'">(^-i)] 

24 ^ ^ 

/l\]- /2, Xo+ /i] 

iuJLJl Ib&j^ ^13 j OH ^ /^"^^(^-i)] Cj\ Uj 

(-^0 ” -^0 + SjJaJI ^ b^_i j ^ ^>uAj 

M * 

/"’(o = /‘^’(^-i)] 

iuAisJl SjL^b bJ ^1 


4jLa«^( t.5^ (8'4) 


2A0g-^ 


fix) 

X 

10.889365 

1.8 

12.703199 

1.9 

14.778112 

2.0 

17.148957 

2.1 

19,855030 

2,2 


Jr*. . 
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f "(xa) - 


■ 


-h]- 


2 




h 




(9.4) 


[^0 ~ JCo + h] ILisle t jjl Ijj .,Vf) — h <t, < xq-\- h ^ L* ‘'-* 5 }^ 

\M 

(9.4) I fix] — XC^ "ijljil (2) Jljj 

./"(2.0) - 29,556224 f"{x)^(x+2)e'^ ./"(2.0) 

*k 

Jwj3->j h = 0. 1 j (9.4) <vAj^I »Ij3%!LjL 

/"( 2 . 0 ) = 


0.01 


[/(1.9) - 2/(2.0) + /(2.1)] = 29.593200 




(jl h = 0.2 J (9.4) 

,r(2.0) = ;^[/(I.8) - 2/(2.0) + /(2.2)] = 29.704275 

Jji i1.j5j - 1,48 X 10“' j - 3.70 X 10“^ ^-LL^^I j^SJj 

LlLJiI I J-1? Lia_>Jl jfJjJju i (jl 0*^ ^1 

, 3 J 1 j->J (S.4) Llcj 

- ^lfUo+ h) - /(xo - h)] - 
2/7 6 


C?(a '0 + h) jjjjil tUail 1 il-.^ ^ J [xq ~ h] J f[xQ~i~ h) 4.»^ jLul jJLf 4 JI 

»^b J (a'o — h] J fixQ + h) la L i .. i— >■ > . ^^^1 ji^l jjiiS jJjJlc ^e{xQ — h) j 

ij-flJl ^ /(X() - h) J /(x»+ h) 


flxo + h) = f[X(t + h) + e{Xt) + h) 


i 


/'(^xo) - 


/(xo- h) - /(xo- /?) + e{xo- h) 

^ aLiil ILWI jl 

•M ' 

flxo + h) ~ /(X() ~ h] _ e{x() + h] - elxo - h) 

2h ~ 2h 6^ 


f X! I jXI Ixl I jUl 1 .u.I 1 jlj.£> 0 lAJ X)>.> 5 Jj J .'>.,8 (i f Xq + h ) ^ * Lla^ I j I I I j I 

jLs M > 0 Lo JJUIJ SjjJlJKj 


flxo) - 


fixQ + h) - flxQ- h) 

2h 


£ 

< - + —M 
h 6 


.jljjj £/ h jJjJ-i-'l 'Jaik. jLi h j£Jj .fj uaia 30 '.yJAJ h^M/6 

$L kP 

A^\ 

P " 

, CLl Lj L<tJ).^>J I jJsL^.J ^JiJuJl LLl^ 
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4-4^1 (2,1 .f[x] = sitijc /'(0.900) ^1 (3.4) Jjoj> ^^^3 



■l-fa b* 


/'{(}.9()0) 


,cos0.900 = 0.62161 _a a^jaja 
■■ r * ' Ljj 

' M 

/{0.900+ h) - /{0.900- h) 

111 


^1 




IkiJI 

J! 

/'{0.900) 

4.4 Jg 

h 

Jl3 

sinjr 

X 

sin.v 

A' 

0.00339 

0.62500 

03)01 

0.7S395 

0.901 

0.71736 

0.800 

0.00089 

0.62250 

0,002 

0.78457 

0.902 

0,75128 

0,850 

0.00039 

0.62200 

0,005 

0,78643 

0.905 

0,77074 

0,880 

-0.00011 

0.62 1 50 

03)10 

0.78950 

0.910 

0.77707 

0.890 

-0.00011 

0.62150 

0.020 

0.79560 

0.920 

0.78021 

0,895 

-0,00021 

0.62140 

03)50 

0,81342 

0.950 

0,78208 

0,898 

-0.0()1{)6 

0.62055 

0.100 

0.84147 

l.OOO 

0.78270 

0.899 


LjL>j-> 1 U‘ 

Ijlj .0.05 j 0.005 

OH ^ ‘'-'I j 

h jjLxJJ Ji,^l 0! 



e{h) = y 
h 

h- 

+ M 
6 


IkiJl J.J 



t t 


jA^I ij\ 4 JJ j i (29 jiul) Jjliulllji 




I LuiS^U^ 
^ * 

h = ^3i7A7 UjJlC IkiJJ 


(* 


M = max f (,v)| max 

,v 6[0.800, 1.00) ‘ jtEp.800, 1.00] 


cosx 


= cos 0.8 = 0.69671 


£ — 0.000005 iUijAJLj jjjxiJI liai (jl Jjkj UtiLs (JjlJLo dLLuu f />! Ijjj 

h jjjJJ Jio^l ilJjJj 

,/3[0. 000005) 

h = I == 0.028 

V 0.69671 , ..... 

.(4.4) ^ ^lUJl ^ j|J6 

2ll jj ) Ju jL^'^ J.^..>ii I h 4d^ 

H .^(jjy AAjLjjdl 

jjJI L^IJ 6^ O' >> C^. ^ ji 6^J 

. 4jJu: 

++ 

JljJi ;(5*4) JaL^I ,;jjp 4_^L1JI LLl^ JjLjuj Jal5 Lju^jLj 

IJjLm 

^ t_" (_■■ • iw 

Uuj>j LoSj, ,h \J^ ^I J— eu* ijiaj 

M- 

^jjjJl LU.V 4 aJL^I jIj.pI (3) ijijyll jiul^ (2.1) 

^ E ^ 

.*v5loI Ij^ 4.jJLoaJI !iXSi a 

■ V.* f. .. 4.4.. — ^ 

cl?Ij i^il ,u 4 ^Lrfll .;^jjy»Jf jiL£L^^I 

** 4-% 

<> 

h ^ jAiL.ii.a (^JJaJI jj IjiLuj ^ I ^^^iajJUj 

^La^I jIjJ^ \Ja^ I LiaJ^ L4-JI 


4 Jlio 


3.4 J 9 


x::i 


Jjl'1 jIjfjL ^1 Jr-^1^ 

(jj^ (jl 


^2..^ \ ij - ■'^ jpAj ^1 ...Vj 
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J5 .lk« 

. -Ou I 4jJUtf UjJ I ^^-waJ I 5 ij J UJ I 4«JLtf UjJ I 

►+ 1 * ++ £ +* / ++ ♦♦ 




IIjI^ i a J ->JL^ 




EXERCISE SET 


! Ji.^j.,4 J.J J->gJ i 


f'M 

f(x) 

.V fix] 

L h 

fix) 

X 


0.00000 

k ' 

0.0 

0.4794 

0.5 


0.74140 

0.2 

0.5646 

0.6 


1.3718 

0.4 

0.6442 

0.7 


JJlJJ^ll Jl j^l JJ^ill jjiJij jjiJi 

++ »+ -M 


£ 

.1 





f'M 

fix) 

fix) 

. >wJ 

fix) 

X 


1.0000 

LO 

1.9507 

-0.3 


1.2625 

L2 

2.0421 

-0.1 


1.6595 

1.4 

2.0601 

-0.1 




I JijJi (> (1) j oL;U! o! .3 

+j| 

: t-L>J I ^ I Ij iLu^ I J J .i-> '‘^3 ^ ^ ^ ^ 

f(x) = sinx . I 


/(.r) = e^ - 2x^ + 3;c - I . v 


^jrfjtJi 3 aJUaJI ; 4^'^! JljjJl ^ oj3-I (2) 


J oUUi o! .4 


Lta-iKil j*lj->vlw U lia^ I JjJ-> 

fix) = x”lnx+ 1 ^ fix) = 2cos2a'“ x j 

* 

; 4^*^^ I lJjIju;^I %2j^Ljjl J^LiijJl 4JLi^ .5 

^ * 


fix) 

fM 

/7x) 

m 

X 


16.94410 

8.1 

9.025013 

LI 


17.56492 

8.3 

11.02318 

L2 


18,19056 

8,5 

1 3.46374 

L3 


18.82091 

8.7 

1 6.44465 

L4 


fM 

fM 

X ,J fix) 

fix) 

X 


3.6887983 

2.0 

-4.827866 

2.9 


3,6905701 

2.1 

-4.240058 

3,0 


3,6688192 

2,2 

- 3,496909 

3,1 


3.6245909 

2.3 

-2.596792 

3.2 


:4_u'il ^ Jyika JS J^Ju>OlI i^^jLII iaUuJl <A_U£a aj3-jLwi| *6 

■b ' 


fix) 

.t _v fU) 

fix) 

X . 

-68.3193 

7.4 

- 0.27652 

-0.3 

-7 3.6982 

7.6 

- 0.25074 

-0.2 

-75.1576 

7.8 

-0,16134 

-0.1 

-78.6974 

8.0 

0 

0 


1.4 ijjjLo-DI Org-o^ja 


^ ^ Jr *- 1 
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A 

fix) 

fix) .J 

A 

fix) fix) 

7.4 

-68.3193 


-0.3 

-0.27652 ‘ 

7.6 

- 7 1 .6982 


-0.2 

-0.25074 

7.8 

-75.1576 


-0.1 

-0.16134 

83) 

- 78.6974 


0 

0 


I CiljuJl wJL*jL_>l i Juil (5) sJijLjLiJI ,7 




(5) 


/(jc) = jcln.ic fix) = .1 

fix) = 2(ln;c)^+ 3sin,r .J /(a) = vtosx— x^sinx 

JljjJl l (5) CI^LjLJI .8 

; LLl>JI |3!a:>oLjIj 


fix) = In(A-+ 2) - (a-+ 1) 


/(a) = (cos 3 a) 


fix) - 
/(a} = X sitix + x^ cosx 


— cos 2a 


^ j jaaj J-SJ <LtS.o-l I isjJL lid ^ SLL^I I .9 

+* ++ 


fix) 


fix) 

X fix) 

. .-J 

fix) 

A 

9..367870 

-3.0 

- 1.709847 

2.1 

8,23324 J 

-2.8 

- 1.373823 

2.2 

7,180350 

-2.6 

- i. 119214 

23 

6,209329 

-2.4 

-0.9160143 

2.4 

5.3203D5 

-2.2 

-0.7470223 

2.5 

4.513417 

-2.0 

-0.6015966 

2.6 




lJ^ aaSLoJII j->gJ I lid BLLaxII I ^J3^X»4J1 .10 


fM 


/U) 

X fix) 

fix) 

X 

1 6.085.54 

. '• — ' 

-3.0 

- 1.709847 

1 .05 

12.64465 

-2.8 

” L373823 

l.IO 

9.863738 

-2.6 

- 1.119214 

1.15 

7.623176 

”2.4 

”0.9160143 

1.20 

5.825013 

-2.2 

-0,7470223 

1.25 

4.389056 

-2.0 

-0.601.5966 

1 .30 


(9) ^ oJUiJ I S'LU^'il tju4^l Jljjjl ^ o-jl 3»-I (9) ^ oULjJl o! 


Ujl^I 


r 


Lbx.^1 J 1 ^ Jl^ J.^4 




= ^..t/3 , ^2 


+ a"' ^ f{x} = tun A .1 

I JijjJi > (10) ^ k^ULJi ^| .12 

iLLs-^JI Aju^ ^1j-3^ILujLj LLiiJl (10) 


jl I XJ U2USKJ I J J J_> 

f(x) = e~'' - I + A f(x) = tan 2 a j 

ojjju>vfl / SJIjJJ (jhju-sJI oUtLill : ifljisJlj 4^*^1 oLjL^I j»ji,>JUj| .13 

/iJkiUI i5jJL fO) dijjj . JljOJI 23 J 12.6.3^2 [15] 


5 

4 

3 

2 

1 

X 

3.2804 

3.0976 

2.8974 

2.6734 

2.4142 

fix) 


lLxsjj ii>. 




oi 


.4 J jjlIU [1, 5]^^le / iJfJJ liJUJl a mUiII yl (13) A 4 

I ^lilju ^ Lti^ I ijj L5j i> a L3j I jjj ) 0(1) » 1 5 
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^ ^ j ^ ^ >;„5^ ^ I (5) .16 

A7)c^.j^\J 

L^-Jj 4.1 jLa,>' >lillu 5 'LLl>'^^I ^ j^_jJojl wjL-Ju> jsfj-^CwL (9) ^^JJu^ .17 

; , ^^1 ^ i^LjLjuJI dJbjJ ,18 

^ Jr * ■■ ■*■ ■’■ 


1.0 

0.8 

0.6 

0.4 

0.2 

A 

0.3843735 

0.6386093 

0,808038 

0.9 1 777 10 

{).9798652 

./'(■»:) 


^f ( f ^- 4 ) ^ f ( 0 . 4 ) Jyi£sjjl lift OuiiLlil J 

J (0.6} j / (0-6) JiaiiaiJ I lifl 4.^ Sill I jijL>CLjl . 

0J5 ^ = 0 : 25 , 0.5 iUili ^ fix ) [ a 4 ) U^T J ( x ) =^ osj^x ^ .19 

( 15 ) ii^wwuJl rT^UJf wu - n^^L 4 iSi ^3 I 4 a-xjJ L * O^JuuJl ^ift ( 0 . 5 ) 

4 ] Lbti I OjJb 4 (LjlSJ 4iLj^^^A4 I ^ JlA ^ ^ ^_Jr^l ^ (3-'^) Jha^iisJ I iv4 

’ ^ .LkiJJ lU ^jl 

^LjjJ^L) f (1'3) JiiJ ( 9 . 4 ) 4jtJL.^Ia 4 jlj'^ I LUjDLuJI 3ij34iL^I f [ x ) — 3jT£?'^ — cos A' |J^SJJ .20 

h = O-Ol J /t = 0,1 


1.40 

1.31 

1.30 

1.29 

1,20 

X 

16.86187 

1.0 

14,30741 
[ 0.8 

1 4.04276 
0.6 

13.78176 

0.4 

1 1 .59006 
./"( 1 . 3 } 

1 CLj Lj 
, 0.2 

fix ) 

1 Jjjj > diji .21 

X 

0.3843735 

0.6386093 

0.8080348 

(19177710 

1 

■ 

0.9798652 

/(. t ) 


/ (0,2) (4.7) 4A^m,^I . 

r(i.o) . /, idi\ iir^ii j . 


( 4 . 7 ) 

f ( 0 . 6 ) ( 4 , 6 ) 4 Ax^I |> j 3 CwI 


jlj-w 


^1 fixfl (){ h ^) i^^JI ^ iLiD JI.il .22 

/(a:o+ Vi) j f(xo - /0> f{xo), f(xo + h)^ /(-^o + 2/i) 

I ; A/(.¥o - h) + Bf(xo + h) + Cf ixo + 2/0+ DJ{x(j + 3/0 iA- :55^L^|| 

[.i,^ljw IjLuJfc-l Af B, C,D j-^^J 

/^( 0 . 4 ) ( 21 ) Jjjja !! ^ cuUMlj ( 22 ) ^ .iiilil ^1 l / U^I j > jJ^I .23 

./'( 0 . 8 )j 

/'(-^o) = + ’^' 1 ^ - ,4, Jt^i ^ U5^jjlJ| .11:^1 ji^ ,i .24 

.( 2 ) J Lli I 1 JlU h > 0 I I ■ v ' 

;3:!jJ^ 1^5^ -I, (3.3) Ji-jaijI Ja (10) ^ t JLu jxC I a3J,25 

' ** 

j»j3Ci_l ,f = l0s jic OjLwJl 3^1 Od^l 

.^JsuM il><J jj .® ‘ LC ^ v . JLj jjxSjJ ‘ t - ij'il 


13 10 

8 

5 

3 

0 

cJaJi 

> 

993 !?42 

J 

623 

383 

225 

0 

4 jLJ 1 


/ ■ ^ 

^{0 = /,— + Ri 4i*>bJl (Kirchoff) i^4*ijyiiJ Ja^l , 



.26 


. / jLi^j U R Sjj I jJ I ^ 4jj LL o J. t L J^.ji.4? Jjj i ^ ( 0 0 Jig ^ 1 ^ I 4p L jj 1 Sjj I jJ I ^ 2Jl! J j 




1J5^ “T^Jr*^ 
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Richardson's Extrapolation 


,j\4ijLiJI ^gjjj^jLjjJjj JLoisJujjl B 2,4 




LO 

1.03 

1.02 

1.01 

l.OO 

r 

3.24 

3J8 

3.14 

3.12 

340 

i 


0.142 i-ajllilj /-■ = 0,98 ^Lj«£?^^iS! i i J f 

j= [.0(1 1.01, 1.02, 1.03, 1.04 til) .^jI 

iij L X jJlc f I JjLSlIIIj *27 

fix + h) - f{x) 


r(x) = lim 

/r^O 


h 


, Ij U^ I iN^ Lwb> j I I > j3^Xw I j \ X ^ J J.r^Al I I j I 

1 ■ ■ uJ 

4jLx>.^l jslj->JLi>lj J (-^0 4>lL^loJJ 1.^1^ jiD jJj 


= 


fix + I0-") ^ fix) 
10-^^ 


, ^ Ju>^J Ij U ' L^-!t;X4J> n = \f2f..,f 20 

f 5JljJl wJjj I LLs-^l Jl>- oju_>o .28 


*X[j ± 2h i Xo ± h 4ajIj]I 4^^ I (> J^riL^ Jj 


JJ>- I 



Ir 


.U :uij ^llJi 4 Si^o!I ^ m ^,{/,) = -+ -m ^IjJi 4ijJ 

- It 6 

.VWm jJl^ L^ ‘■W u' C>*ji 


a 


Richardson's Extrapolation ijgjjjjijLiijLJuj Jl^^ 

•b* 

|.lji^iwL jjSJj i^JI aJU jJ_jiI ^jLi*Jl Oj-JjLiJjj jLAlwl 

. 4*Ai!_>ULo 

*^| <• 1927 [RG] 0j^*iu L ^j (jI 

4j I Jj-^-dru j >. j Li>J I ijLo^...j'^^ I ^^jij ijj^ 4XJ.O-.0 ^JlLa 4 JLl^ C ^I 

■H 

.[Joy] ^ 

Ij LLx^ J^ <^JlJJ i^^jAjJI 4iL>^^^ ijl |xLu UjJlP Lul5u9lJJ 

» h I ^ B J L& jJ I l^) jJ I jLpjiJtji I I ^ JjujJj ^Jj Is 
I Lla-^ jjlj. tAf 4o,j.iiJJ ly-jjiij Sr'^^ N[h) 4*_f^ h ^ 0 J-XP UyjJ ^l 

4Aju o J I a} U ixJU wl I 

■HI * ■■■ * 

M- N{h] = Kih+ K2h~+ K^h^ + --- 


^2. ^3 OjIjI'I i> 

jl <JUII jja.w 0{h] ^ladjl Lia.> ^l Lw 

M- N{0A] = 0.1 /Cl, M - yV(O.Ol) = 0.01 /Ci 

Ki, K2, ATj ^ jljlil ^ dUa j[£ Ijj ■^1 M - N{h) ~ Kih Cyts-j 

■rh 

^J\ oL^j£jjl ^jJ 4 !^ J1.o 5 - w ^I ^ ^jlj 



Lewis Fry Richard- (1881-1953) 
1 lJ1.‘ Lw5 Lj; ^ I ^ '■J-^ J J I j iS son 

i I ^ jdAifl 




S 3 - 

J ^ J 


(_4^ t— Jyt5 |_^ji'^l 4^C"J- 


J 1*1 1 aJiu Lj .i>JL 




^J^''- j 


3 J^J Ji 


4 L-Jj^lidl 

' “ ■ 

'J-dl 6:^ 


, L.' n jJ I [Vu d< LLLLi 


,'jjl s.[a i.~^.,.r^ I 1 Jn 




I h " 

^ j: 


J ajLj 

I.' 


yLs 4 . j J< L^i I LS 4,4 ui- Lj 

-'_H - ■ 

^ Ji J- 

La 


Huygens (1629-1695} Christian 

e 

Jl Uj^vJ 

Archimedes (2S7-212 BCE). 


\ Ij - '^ jpAJ 


^1 J..V.* bsLft 
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^B 2 


5^'U5jjt5l [jli ciajii h '3y>^ LLa3Jl <JLf^ (j\ Uuj 

O(h^) ^ ^yij| UujJ 03l^ J 

(15.4) 


f(xo) - Ni{h) - —r'ixo] - —f^^Hxo) - 


120 


1 


^±;ut-> 


Ndh)^N(h)^ —lf(xo+ h) - f[x,,- h)\ 

2h 


j jijj I I & ^ h ^ "^Xi h/ 2 jAj ij I j 


/‘"'{A-o)- 


f'(xo) = A/, ( -) - — f'"{Xo) - 2L_ /'(5J 

2 / 24 1920 


r'(x9) 


<J. 

++ 


?4ji om j->Jl ^ ^j«i3LL>OLj ^Aj^yoJI oia Jli^l 4 ^ (15*4) 


3/'{x,) = 4M iV,(/0+ 

O(h^) <^jjl ^ 

I A 

f (xo) = N2{h) + t-'^o) +* 



+ ■ 




480 


N^{h) = - 
3 


47V, I - 


NAh) 


= TV, f - I + 


h\ NAh/2)-NAIi) 


3 


U 0{h '^] (LujJl j = 2, 3, . , . ^jlrv*-; <L>.la.<J I iXA jIjjXjIjj 

/"M Nj~Ah/2]- Nj^iih) 

'V,(« = -V,., [j j + 4,--,./ 

IIUJI tjjs ^ ‘2-'-^ - I O' '^Ju 4 1 j_*Ul 

,A ;jy O' '^■4 

'ijj 4 4jj_>dLjJI iJ^lj^ op (h/2)^ — hA I A Ijjj 

.2 O' 

Op ./ j A() = 2.0, h = 0.2 ^ ^1 

Ni(0.2) = Af{0.2) = “[/(2.2) - /(1.8)] = 22.414160 

A'i(O.l) = Af(O.l) = 22.228786, , A^i(0.05) = /V{0,05) = 22.182564 

.(6.4) JjA:> ^ cjLjLJI oi^ JLi£i-*'il o! 

OjAe cjUL> cj-j ^I xo — 2.0 -jj-* f'{x) = xc'^ + e’^ sLSlLijJj iU v , j.>, . g i. l I <l » . a 1 I oj 

P "t t P 

^^1 J-Ail o' LJ- lf o . i«» A^.-;{ 0 . 2 )^ljisl op^ 0-^ ‘22.167168;^ 

B ,4iL^j AjjA£- l5j-^ W| ((X05) 

ff c 

L^li i jL^I (6*4) ^ Jj'il Jjj-*J[ Ja*j (.5^ LlL^uv Uj 

Ui^ .4yjuLjc>JI AiJiuJ I (jj ^j'il j,>Jl ^sIj3^jLwIj l <jjjJ 1 ^JLt ^ 

jX«o Ja^ Jj J.I jiuUjI j»JlC r jVi(/?./ 2^) ^ Lki- jbjl -.k cTJjljjl 

'' ^ .h/2^ 


;.:i\ 
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6.4 (Jgjjji 


/V3(0.2) = + 

= 22.167168 


Af2(0.1) - A/2(0.2) 
15 


;^2 (o. 2) = iV|{o.i) + 
= 22.166995 

/V2(0.I) = A'({0.05) + 
= 22.167157 


ATi(O.l) - -Vi (0.2) 
.1 


Vj(0.05) - Vi(O.l) 


3 


V]{0.2) = 22.414160 
Vi(O.l) = 22.228786 


V|(0.05) = 22.182564 


iijAj jJw^- wU jAI] JpLiU jij (1.4} ^ liw^U jaJ 

j \JaJJj ^ I ijSi^ i ilj Lm jiaj Ja liLj I ^ I jL I j . f 

,^i 

ijjl *-^"0 JijiJl>^ SjfjjS f ijfjJl LulIS* LxjI 

f(x) = f(Xfj) + f{X()){x - Xq) + ^/"(jCo)(jt- - A'o)^ + '-f'”{Xf)){x - A'o)^ 

2 6 


1 


+ 


24 


/ 


(4) 


X - x„)"^ + - J^o) 


1 


(5) 




120 


•-^0 j A 1>4J ^ 

X{] — h ^ Xf) + h j_Lp / 2^ u[ 


f(xQ+ b) = /(xo) + f{x(i)h+ l/"(xc)/i^+ ^f'"(x(i)h^ 

I b 

24’ 120' 


f(xo- h) = f(xo) - f{xo)h+ Tf"(xo]h^ 

2 b 

(16.4) 4Xa^I ^ (17.4) aXj^\ Ao - h < < -^0 < ^ i < + h 

f(xo+ h) - f{xo- h) = Ihf'ixo) + %-r'ix^) + + /'"’(^ 2 )] 


(17.4) 




(18.4) 


3 •' 120 

^ jJ I 4.o.jifl.i I XAji ul^ ^ ^ t X{) /2J . " i.tLS^ Ijj 

(xo - h, xo + *) 1 


r'ii) = + .^^(^2)] 

0{h~) /■'(.To) (4.18) Jj» i;,£4j ll^ 

= :;7 [/('Tco+ h) - /(xo - /;)]- (19-4) 

2h O 120 


^ ’ ij ^ Jr *' ', 4-. 
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Jpijij o^lxll ^ (19.4) <A-uoJl ^ ^ 

.r (i % j^l c) ^(5.4) 

4JLb^l j' OS-4) h Jj 2 /l Jys^yj Ij^ Ju£li_du 


1 Ah^ 

f{xo) = — [/{-^o+ 2h) - /(a-o- 2h)]~ — /"'(a„) 


16ft 


y(5)(^) 


4/i 


SjaO->Jf 

■■ ¥ 

(20.4) 


3/'(a-o) = -[/{.TO + ft) - /(a-o - ft) 
ft 

ft“* 2ft“* 


6 ■' 120 

At) -H 2ft , A() - 2ft jjL. ^ 
(20.4) 1 7"j^J (19.4) 4 A^ampJI 

\w „ 

[/(.To -t- 2ft) - fixQ- 2ft)] 


4ft 


30" 15 

/j£jj <jl 4j* #1 j2>4LwI ijS^J 4Jli [Ao ~ 2ft, Ao + 2ft] jjLS" IjJ 

3 Jj- LwiJij SAP i»lj30L^I ./‘-^*(0 iSjIAo 4^ /^^UOs /‘-’'(O (> 4-J.Ul_‘^1 

rjiJbsipMl ^oulj 

Ao + ft) — /(a'o + 2ft) ] + 


1 


/ (ao) = ~[/(ao- 2ft) - 8 /{.to - ft) + 
12ft 


ft'’ ^ 

30 


.(6.4) iLiij 

»+ +« #1 

i^^j.a3LLL*;j UiXJtU Ij I ^ IjLlJj I jJULdwd 

oj^ ^^1 jl_5 .^U<Jl lls, (JJ.4 ^ Jijio-'il 2 £jjL 

Ja*J (J^yL>Jl 4iijj 4(5.4) ^J*oi)l ^ oMoLSjJI l^^aj 

d8.4) J^jsydl 4ji^L^I| 

•M 

EXERCISE SET 


4-fl-ya-U L— JuJ->uj (1) Jl^l aj3-jL^1 .1 

i-i- ' 

; 1 I J 1j jJ I ^ t-^o) 

fix) = X + e\xQ = ().(), // = 0,4 -V fix) = ln.T,.Vo = Id), h = 0,4 .1 

fix) = x^cosA%xo = 2,3, h = 0,4 fix) — 2^ sinx, xo = L05, h = 0*4 — ^ 

iJj.«ia.^\iJ (1) ^j)*lJl J'LixSuLj*^I iJjJIl^ ^^I I .2 

*k 

,|»Lijl 4 ajji j jjj JjU I ^^LwJ>- (1) ‘3 

(2) jjj jjj .4 

M = f” sinAt/A Lf^ .5 

A/, (ft) = 1.570796, N, = 1.896119, A/, = 1.974232, M = 1.993570 

JLSJ .1 Jjju» M = Niih) + Kilr + Kn^ + /Cjft* + ft:4ft'’ + (5(ft'°) Ot l>2>^ 

.Niih) Jj 



2.4 ijjjLoJLlI qxg-oiAD 


tiL 


185 Richardson's Extrapolation 


^gjjj^jLjjJjj JLoisJujjl B 2,4 


r-3n/2 


M - ^ -co^xdx j_^Ls:^| 


oUt^l ^1 


-6 


N^[h)= 2.356)94, 


JV, =- 0.8815732, 



A^i - = - 0,4879837 




- = - 0,9709157 




^N^(h) j J l>- j h. 5 j4jj I I 4J I j^_^jfjL3 1 

2.0 j_ J I /'(-^) “ 5J|jJi (6.4) Jaflj I 4 ^aj^ i j j I -7 

= 0.0,^. U-UJ^ A^2(0.1) Ji ^ 0.1 Uji£ (6.4) Jjjux ^ .^2(0.2) 

JL^ 


4jLu^ Lj a La I ^ I j jil I AJl 


1 / / * 

/'(jcn) = -[/(^n+ /!) - /(xo)]- ^f"{x^) - ^r'[x^) + 0[h^) 
h 2 6 

./'(a-o) 4^ O(h^) Ifij ^ 

jlj ;/j > 0 J<J M jIjUJ ^j 25 Af(/i) .9 

Ki, K 2 , Ki,... ouljall ^ + K2h-+ Kih^ + - - 

,M jIjUJ 0{h^) Iwj i> „^ja; /V{/j/9)j Af(/i/3) ^ j.jiKl-1 

jlj > 0 JiJ M jljtaJJ yJ jl .10 

a:,, K 2 , a:.!,.,, .jiijijiii m = N{h) + a',1i^+ aTjA'^ + a’,/!^ +•■■ 

.M jIjiJj 0[!{^} ipj > /V(/j), N(h/3) > A'(/i/9) 

e = lini;,-, u( 1 + ^1 JjLS2iJ Ij J^pLilO I La.> ^^^3 ) < »'« , 1 1 

0.01 j “ 0.04.0.02 iJULHlI e .1 

Ki, Kjt--- ojI^ "^3^3 '^LwjaIII jL*SuLw'il ajJ^Olwl .i_) 

0[h^) Xuj e. =(\+ h]^>^+ KO 1 + Kjh'^^- K7,h^+--- j 

h = 0.04 

(V) J o' > -t: 

,*)i cjji .i .12 




2+ h 


i/h 


lim a 

h^ a \2 - h 


= e 


I a I jJsjuj Lj t' J Lw ^ I . 

» r » ^ a a 


A'(/i) = 


2 + /? 
2 - h 


l/h 


0.01 j /( = 0.04, 0.02 olj*^fj 


ilj l^jJu ^jljJl JUiL.-'^'l j.ii44.,l e= N{h)+ Kih+ K2h-+ Kih^ + --- u' -r 

jluo Ja /i = 0.04 e lajlB (> l^j£j >-uyu->.jJ JJ^I Ijjj 16 LLiJ 

,;V(-/i) = N{h) ^;,i ^'1 ,j 

4Jij-cJ I ^ A^l = A^3 = A^5 = ■ ■ • = 0 ,4 dL^'^ SjA*jl a ‘ " ' 

&* ' 

e = N{h) + ATi/t + A'j/f^ + + K^li^ + ■•■ 


.._i\ I* ^ 


US 5^ 






b ri- I 
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Elements of Numerical Integration 



Lllt5jLLD 3.4 



ji 1 3Jlj 5JljJ J-oLSuJl L WLi 

rh ^ t 

:> f(x) dx wjy jfi 3 ^ jJ I 1^1 . L|-tlp lI I <jjlj yl 

»% 

numerical quadrature ojjjJI 

a, / [xj] 


r=0 


-L 


JjJ_>JI iJIjIjmS ^Jh!.£3;a! I 1^ ^JJutll I jJaJ I 

.wjJijJl ^J^.g-1 1 ^ 

^LliJ ^ da,b] S^l {.TTfl,... , j:„] iiiuJl ;> 'iji jUio 

^Ijjl JU -^U 




}J 


IMx] = y 2 f{Xi)Li{x) 


r^O 



\_cif />] LLu^ jJpjjLiij 


ph pb n f*h fi 

I fix) dx - I y2 fiXi) L;{x) dx + 

Ja Jo. ,_A 


/=0 



J — .J:/] ; ; dx 

(« + 1)! 


t% 1 pb n 

- yy'aifixi) + — / fl(.K- ”{^f jr)) dx 


X JU [«/ b] ^ ^(.t) ^ 


i = 0, 1 


fi J£i aj - f Lfx) dx 

J a 


jjSi quadrature JuiLS1!| 5jU^ j, 


/ 


' fix) dx^±a 

i '=0 


I J 


aJLa^zxJLj ^ * Uo_>Jl 


Eif) = 


I 


in+ 1)! 


rh fi 

' n 

^ /=0 


U- jr,)/‘"+i>{?(A-)) dx 


^ I IJ^ J ; J I LSulJ I L%J I L>J I ^ 

.JupULljl 4jjL*jjw JsLibji 4;pljJlji I jiljL?Ou*^Lj 

Simpson^s rule 5jjslij Trapezoidal rule Sjj^LS li^ o! 

+4 

f{x) dx I SjjStLJ JL^Lil!l ^jLojjij 

r+ 

4-tiri.Vj I .rJI v^'i JjJl> OjmS aJ-iCujIj i Xq — U, X\ = h, h = h — Cl 


(x - X|) [x- Xo) 

^i(x) = ■; r./(x()) + ■: r/(xi) 


(xn - X|) ■ 


(X] - -to) 


\ Ij ^ ■ J|.>> J bi^V^ 
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* 


/ 


fix) dx 


-i 


-^1 

■^0 L 


(x™A'i) ^ ^ (a - A{)) ^ ^ 

f(xo) + 7.f{X]) 


(a'o - A'l) 


(A| ™ Aq) 


dx 


(2K4) 


1 [ .n^ix))(x- Ao)(a - Al)r/A 

2 JxQ 


1^1 


-^l] L^jLil {x Aq)(a' A}) L(jj 

(a{)^ aj) ^ Ls iLAjjJ jjs^ (,,5^ JjLSiD 5 Jjj^I 

+4 

f"i^(x)){ X - X(])ix - Xi) dx = f'iO f ix - xo)(x - X]) dx 

VO •' VQ 


'-V] 


= /"(O 




(Ai + Ao) 2 

A + AoAlX 




JXQ 


/.3 


rco 


l 


fix) dx = 


ix - Xi)^ ix~ Xq)^ 

/(xq) + — rfixi) 


(21.4) AA;U^1 aJ 

++ ' 


2{Xq - A]) 

(A] - Afj) 


2{ai - Ao) 


Jjco 


12 


rii) 


[f(xo) + fix,)] - —n^i 

iZ 


, LxjjJj h — X\ All) ^1 Loj 1 






I 


Frape/oidal Rule 

fix)dx= ’iuixo) + fix,)]- 


»^j.tiJLoJ 1 q_ujj 6 axL9 


no 


2 ■' ^ 12 

Ja jjlj 5J|j IjJjJ f i <Li.w BjjIEj SJJb 

.(3.4 ffSxi j j Lo^) ,k_Sj^uJll 0«3 4_>L 



* ■ ■ 


Iw 


r 


,1 J. 


ji Ju-a*; 


f I 

J ^ ^ -3 


.-■ 1 e> 


jiu^i oi 


’’trapezium” b JS i ij jJ 


■UalSJI .'iLi ■■ Ijl jZ*j 


m 3 


,.j j 


z. ft. 

* ‘ ... I I 


trapezoid^^ 

tj — ^ 

^ Ix^ ILlSil d 

/■trapezium" 


3.4 JAjju 


J ■-•■ ■■^ 


\ ^ 3 ^ 




dUjJu 




189 


Elements of Numerical Integration 


j_szJI B 3.4 


4,/ i^j^fjl I ajm UsiK] I ^I 

+* ** +* 

>,«■ 

j| i I ^ jiUisli 4 ^LLlq L^JlfllLwyo ^1j 1^1 ^jjuLx? LoAjL^ 

■J-^l 

[Uf b] o^^L^I j^sjiLjJI fljfjjLS^ J-oL 5 j ^ ^ipJju Sjjtlj ^1 

(4.4 j£JI) h = (b- a)/ 2 X\ = a + k ^ xq = a, X 2 = h ->|jj^L 



4.4 ijj 


I 


f(x) dx 


-L 


,ii d!ij 


^2 


AQ 

-h 


(x - A'i){x ” X2) 
_(^0 - J:^i){- 5^0 “ ^2) ‘ 

{x - X()){x - Xi) 


(x - X())(x - X2) ., , 

+ -f(xi) 


(X] - X())(Xi - X2) 


(X2 - X()}(X2 - Xi) 


f(x2) 


dx 


+ 


/■■’^^ {x - X())(x - X])(x - X 2 ) 

/ ^ dx 

Jx. ^ 


Gjjj'j 0{h^) xmj ijj Usu> JaaS sj^cLs jLSjLSI jl3 JL> |Ji5 


(3) 


*. 


* jS- * 


./ 

jjjj ^.->j li-* Li:s^ ‘^jLy ijLji iJjU^j 

.A'l Jj-> iSJUllI 4^jJl ^ LSjiflj / \ OJlA 

(xoi -^ 2 ) ^ ^Cx) jj^il [-^0/ X 2 ] ^ X J5 

^ ** 

r, . r, ...n u .2./'"Ul), ,i.f^H^(x)]^ 

fix] = /Ui)+ / (X]}(x-Xi)+ ;; (x-A'i) + (x-Xi) + — (x-Xi) 

2 6 24 


f^2 

/ fix) dx 

J Xn 


f{xi)(x - X(i) + 


24 


2 

- X2 

- Xq 


(x - X|)^ + _ _J.,)3 


+ 2 f /^'*’(^(x))( X - Xi)'*f/x 

24 /vo 


(22.4) 


^ -■■ ■■^ ij , . *' ^ 1 4.. J..V j 
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^[•'"^ 0 / ^2] ^ Ijji LI'Lw u_^~i Wj 


Z7 f xi)"''dx - 

24 U 


24 


rx'^ 

r 

^XQ 


(a- - Al)‘*CyA = - 


120 


(x - A() 


ri 


^2 


JXQ 


(-^ 0 ; ^' 2 ) Lo JJjJ 

** a 

oli 4iijJj h = X2 - X[ = x■^ - Ao i JU- ^ 


(X2 - Xi)^ - (A'o - Xi)^ = {X2 - A[)’ - (Xo - Ai)"^ = 0 


ixj - 


A|)^ - (Ao - Ai)^ = 2h^ J (a 2 - Ai)^ - {ao - Ai)'*' = 2ll^ 

iUuL^ I (22.4) I ^ 




PX 2 

Jao 


h 


fix) dx - 2hf(x\) + — / (.Yi) + 




60 


It 


f 

JXQ 


(jl (1.4) J-j3uflJl (9,4) ^L»Lx*jaJ I QLLutll 4 ^-^Lj f (-^l) ijmP LLc-jjM? Ij 

n B-h 




f{x)dx = 2/j/(ai) + 


h 


h 


3 


I 




[/(Ao) - 2 /(Ai) + /(A 2 )]- ^,/‘^>(^2) 


5 


= -[/(Ao) + 4/(Ai) + /(A 2 )] - ^ 


1 


12 
1 


60 


h 


5 


3 /'"’^)- 


li* j (24 jJjjlJl _^l) iijAJ JjljJa j»ljj 

- i?J) ' ' * * ,1^*2 I A* .(-^0/ -^ 2 ) ^ ^ I . ^ ^ - ^ I I ^^^2 


Simpson’s Rule tjg u hlq lu n a dq 


/' 

JXQ 


fix) dx - ^[/(ao) + 4/(Ai) + ,/(A 2 )] - 


JiJ tOIJj OJ-cSj if 5 JljJJ I LL-^I La^j 

^ ‘ .jii ji :aJLiJi '^jJI ^ 3 ■•■" 


i 




[0, 2] 5 jliJ I I 5J!jJJ Sj-ciiij 


I 


1 


fix]dx^ -[/(0) + 4/(1)+ /(2)] 
3 


,( 7 . 4 ) 4 _yljaj* 4 l JljjJl j ^ 

M- 

J 5 j^H\ ^ ticii j\ 


I 


Thomas Simpson 


1761-1710 

i*r 

S^. ^ L— fiUj j_i 

4 _flLaLLaf 0 ^ ■ ■^ j J V'' L^LIJ 

k ij I (CL^ \ 


M\ 



4 1750 ^ 4 ^i 

J — p[£Hlj Lilli 

'iLcLu/ 1 

The Doctrine and 
Application of Fluxions. 


^[0, 2]SjiaJI Jit f 'IMJl ^y>^\ lx£-\I 1 JLii) 


fix) dx = /(O) + /(2) 


^ 1 ^ J »p*. , ,i.i J. V J 
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sin X 


l/(x+ 1) 

x" 


fix) 7.4jgjL 

V 1 + X^ 

6.389 

L416 

2.958 

1 .099 

6.400 

2.667 

1 4 .^jjH 

8.389 

0.909 

3.326 

1.333 

1 6.000 

4.0(30 

4_xJ/ 

6.421 

1.425 

2.964 

1.1 1 1 

6.667 

2.667 

j ti iii^ S 1 If 


IjgJajJ 




f- 1 ++ * »+■'■►. 

I1& 





s ^ LkJ>JI ^jjUJl o! 

J - SfuaTJ ^^^1 uijyUJi .UjLc fils 




U 


j /? jj jjjE- ^-5 1 3Jjjl 

.t = 0, 1,2... , n J5J X* ^ V 



Sjl>Ij 4-^j d^L>jj uji ^ ^1 (1.4) 

M ^ 

^jl ,3 1 i 4-Jj^ JjjLSoH !>15 ijl 

/; nb 

iafix] + /3^{.t)) dx^ a f f{x] dx + /3 j ^(x) ^/x 


n 




n 


^iafUi) + (3^{xi)) = a^ /(x/) + /? 


{ = 0 


/i=0 


J = 0 


j fi ijLijIjiJl ^ .^jj Ljlj ^ _5 / ^ Lilli iLLfiJI JljjJI JiJ 

jis" Ijl Liij Ijl n ^ Jjlij <k^ '^J ul (25 Ijjij 

h-l- 

^_5 ,k = 0, 1,2..., n /^x) jjjjJl E(P(x)) = 0 ii=J>}\ 

.« + 1 V'jJl > L jjjc> E{P(x)) i- 0 

h~^^H ilSLtJ ^JULo 1 Sj^LSj 4juv Sj^LS ^I 

+1 

, Newton - Cotes formulas 
. I jHJJji — cPJt^^ ^ 0^^ 4JUj& 

X/ = Xo + Ih J 4_-U^ {n + 1) o!j ^ o! 

.(5.4 Ji^ ^f) ,/ = 0, 1,... , n 

iliLj 4 j4^..AjU \-^^t b\ ^jJjtil 5jjiU JjjL>Jl : AjlJLjtd 4*js..^l 3JJ& 


L 


ft 


f{x)dx =- > Uifixi) 


i=0 


a: = 


I Liix) dx — 


(x - Xj) 


= /'n^ 


■"^0 7=0 
J¥i 


Xj) 


dx 


JsL^jJ, I liiiJl iJs-xLskj 4_aj^I 4jLfi^^^l 

p. 3.13] SjLajJf &ia jLa ^j ji^\ 


1.4 U1JJ3^J 


SjU^ULl iU^oJl I ijl 

■H 

■ ^ j-^h-i-I I 4_!u^ 3 JJ^ L3 


3 ji 4 Hjuftjt j '--.tfi 

Lj ^ . ..j J h 


(W 


2. 


^ j j .mJj. 


j^ 1^ i_^~^ L O ^ ^ ^ 4^U4j 

.g“11 . 


+ “v 




JUta 


i{i 


Ji>^l A( 


1 ( » . 


i^LSull'l 


i Li— ^ 


Isk] 


O^JJLftll' j jijJsJl 


jli («, ^) S J^\ jji isl^iJl 

. J^LllL' jL_^3 

i /i ^ ' ■ I- ' ^jlIaji, 1 jj' l^jiaJ I I d I 


'i oiJ I ? oUJJI JiLmu pi jlaaX 

^ LJ ■■ -3 i-+- 


\ Ij . V jpAJ 
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^3^->^r^ t ^ U^f h) t j5xlii .(i - (ly - a)/ n J 


2A ^Ixhjj^ 


I f(x)dx= y^UifiXi] + 

Jil ; = o 


{n+ 2)! 


f 


r(/ - ])■•■{/- n)clt 


f E C""^ 4 ^/ b] j Cj j 3 bjj^ n tjl 5 bl Ul ./ E b] j 


/ f(x) dx = ^aj /(Xf) + 


(/7 + 1)! 


f 


f (r - 1) * ■ * (r - 7?) 


t tf ? ?* F 

5jjlS' ^ « + 1 iijJl iijj J L>uj>^ IjjLii /i ■? b J-Xi^ 4_> I 


77 ^ ^ interpolation 



5-UjlL^'^U JsJjsJI 
■* > 


,H iaiii ^ ^jJl /)L1 UJj3 IjJl6 11 jj5j UjJlC 

LJajJl (.closed Newton-Cotes formulas SjtiLiiJl iilill 

Trapezoidal rule \^j^:uU>ll ojalj ojlxLQ :/i = 1 


•A'O < ^ < J('l ““ 


fix) dx - ^[/(.vo) + /(Jfi)] - ^/"(O 


^0 


12 


{ 23 . 4 ) 


Simpson’s rule ojl^Ls ;h = 2 


JCo < ^ < X2 


r' fix) dx = ^[/(^o) + 4 /{a-,} + /[a 2)] - ( 24 . 4 ) 

J xn 


3 


90 


r. 

Simpson’s Three- Eighths rule Ci 9-'-J^J-4 a>jjjJ qLojI ajIUJI oaxLs :k = 3 








A., J.V J 
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■ 3.4 


' f(x) dx = ^[/(jco) + 3 /{a-,) + 3/(^2) + 




8 


?>h 


5 


(25.4) 


80 


/■ 

JXQ 


..V'o < ^ < Xi dL 

:n = 4 

-3’4 2^ R/i^ 

fix] dx = ^[7/(--V(i) + 32 /(.ti) + 12/(x2 ) + 32/(.V3) + 7 /U 4 )] - (26.4) 

,X() < ^ < Jf4 4. 




open Newton-Cotes formulas 
A'{) — a + h j /; - (b - a)/( n + 2) i - 0, if-* i fj JSJ 

LaS^) -^7h- 1 — j -^^-1 — 4jL^I JsL^ 2JjjJj 1. Xfj — b — h j| 


.(6.4 

b«r 

b) LgJtJ.jL^ 'iLg J->JLaI I iLfljJl i^j^J A-AiigJ 1 ,jl 

M Mh 

■■■ 1 , ,^ 1 
n 



fXii+l 

I f{x)dx - I f{x)dx~ } aif{xi) 

Jit Jx. 




i^Q 


I 


.Ua^i (li = / Li{x) dx k±i 


6.4 J. 4, 1 ij 



[IKjp. 314] -i j jrf L^b&j^j i (2.4) 4juajjuJJ 3JjLw 


^ --^ ■■^ Ij Jr* ' ^-. 
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+ U oli 




LJ? 


3.4 qJja>4.D 


^ e (fl, h) jjs- ; jjaLc ,h = [h- a)/{ « + 2) j .V- 1 = tf, .v„+i = h 


ph ft 

I fix) dx = + 

r=0 


;i+ 3 ( fi+ 2.) j r w+ 1 

[n + 2)! 


J t^it — !)•••(/-«.) t/f 


,/e C«+'[a, b] ^ \^j j3 n c^[£ Ijj Ll^.f eC"^Ha, h] j n jl^ Ij 


n 


fix] dx - '^ciifixi) + 


^,.+ 2y(n+ I)(^5 


a 


i=Q 


/ «+ 1 
J 


t(t — 1 ) * ■ * (r - ^0 dt 


{n H- 1)! 

LLl^^ I Jl>^ 4->- J^JLfiJL I L>^*^ 

ojtxU n = 0 


Midpoint rule 



A'_ 3 < ^ < Xi , 


/ 

Jx.l 


h 


fix)dx= Ihfixa) + — /"(O 


X-i <i, < X 2 


2/f 

/(x)f/A-= — [/{,vo)+ /(;ci)]+ — /"(O 

] 


? 


f ’ /(.K) 

Ji_i 


"^^'[2/(.vo) - fixO + 2/(;c2)]+ 


3 


45 


( 27 . 4 ) 

:« = 1 

( 28 . 4 ) 

:H = 2 

( 29 . 4 ) 


,Jt:_ 1 < ^ < X3 

:« = 3 

/ ^4 Q5 

/(X) c/^ = '—[nfixo) + /(.^i) + fix,) + n/(x 3 )] + ( 30 . 4 ) 

X-] < E, < Jt 4 


(23.4)-(26.4) 

sinxdx 


^ 

+« 

= 1 - ^ 5/2 = 0.29289322 


CyjtH (jl 

^y3 jL>o)I (27.4)-(30.4)j 
,( 8.4) Jjjj^ ^ ^LuJl 


4 

3 

2 

1 

0 

n 

0.29289318 

0.00000004 

029291070 

04)0001748 

0:29286923 

0.00002399 

0.29293264 

0.00003942 

0.29285866 

0.00003456 

0.27768018 

0.01521303 

0.29798754 

0.00509432 

0.30055887 

0.00766565 

•uliUl o>‘^'jL*il 
UoJI 

4.>^3ji4Ll 

LL.3JI 


2 


8.4 Jg^ 


\ 1^ 1 . 1,^ ,i.. J 


IT* 
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EXERCISE SET 


I 


x^e dx 

tt/4 

e^'^' sin 2.x dx 


: 3j-clS j*l ijJ^f cut>UL5LliI 

jf’ 1 .5 ^ O S o ^1 f- 

/ jc^lnxJA^ / dx 'V / f/A‘ 

/l io A — 4 Jn 5 


^n/4 

Jo 


A sin A dx 


■J 


'0 A - 4 
■ 0.T5 j 

“tH' ■ J 

A^ - 4 ^ 


16 


2a 


A^ - 4 


6/a a 


/: 

r 


iij->ULil AjwJj HjL^li ^Ij^ioud-lj 4^^ I cij L5 ljlU 


A'ln(A+ l)t/A 


I 


0.25 

0.25 
1.3 


(cos a)^ 6/a 


X In .A 


6/ A 


.4 


L 

I ((sinA)^ - 2a sin A + l) 6/a 

J(J.75 


3 

4 


. I LLaJj L 4Jj j ^ j 15 j 4 iLu^ I ji I Ij ( 1 j ^ jpil! 1 ^ LLjJLI I j ^ 

Ua-^b 4j3i Oj^J illaiJi alj3^ILd Lj (2) ^ Ua_>JLl IjlJ>- 4^ j I 

, SjlcL 5 (1) Jb-> J-Pl .5 

5jjil5 ^1 jL=k1-jLj (2) OJj^l .6 

.(5) 0:>^l (3) J 

-(6) Sj-C'U j»1j3%lwb (4) JlcI ,8 

, 4-xIsLi*Hj jj 1 I 5 Jjt L5 p 1 b ( 1 ) ^ j-jLiJ I I . 9 

, ji I I ^lj3-JL4/b {2} 1^ I Jj^ ( ,10 
.(9) jJ I aJsuuJI oa>L 5 jilj,>J*^b {3s J->- ap! .11 

4bLjJl ^Ij3dwb {4) I ^J-4^ 4-^1 .12 


,( 10 ) 

5j-wli bl 



Cl 

1 

Cl 



4aLlwJ| I 45 biOA 

++ ++ J ** 



4 J-f{x)dx ,Jj^I <u- 5 ojjsti (j! -IS 

1 ) bii 4 2 4-0_ulJ I . 

+. w 

J fix) dx iJjjtuH Aj-i. sj.*li jiikt jj . 14 

J 5 L5 1^ I 4-s_^ I b:3 k 4 I 

•W ¥» 

J^liJjl iXf.\3 l^}k».~ ^^1 IsJI i>ji.15 

9-¥ 

fix] dx= f[-^) + f 


/: 




I 5iill luj Jl^jI X 2 = h ^ h = ih- a]/ 3, .^o = a, Xt ^ a + h ^ _pal .16 

'’9 3 . ULSAl Sjjli 

fix)dx= -hf ixi)+ -hfiXi) 


4_>sA » .« g 



4 -' ’ " 4 

/' /(x) t/x = Cq/(- 1) + fi/(0) + C2/( 1) JrfLSjl'l ijj.tfii (jl .17 


. -t & 



.'tO-Laj 


C2 . Cl , Co ^ joj*. .Jji jl ToliJi iwjji ^> jjjjJl cuIjjjSJ 

+* l' ' ^ 

0 



jp fix}dx = cofiO) + f'i /(l) + C 2 /( 2 ) JjLSi’l ejiislj j] .18 

VT f. f. 

,C2,f"i,CQ JJiJ>-,Jil i\ bbLUl U-4 L ^aaa^ JjX>JI 

Aci Io /W^/x = co/(0) + f',/(x|) j^lSAI Ik^ >^ J > 1 Co,Ci..v, ^\j^\ J^ji .19 

** "* ** I I 

^ A_9 JJ I 4 iS ft {t 4^^ J 

Aci ,/o /(^Tf^x = i/(x„) + Ci/(xi) J_,LS 0 J| -xo,x,,C| i>j! .20 

.iiji ,> V=j 


A J_szjl iJadL^uJI f^Ab-D ■ 3.4 


3.4 yjjLoAJI qx 9.o.n.D 


Numerical Differentiation and Integration 


[j [j ^ ^ 1 1 ij n [ S 'i J I Q 1^1 0 T L i i li I ■ 4 LjLlJI 


196 


.(30.4) (23.4} J I il c^^LoLSil! Li-O Ju:>jI .21 

^ 5-3 jJ I c->Lvjj Jji 

VJ-aS^I '-JJjSjJi (_a) J (j) ijl 

.^1 - ,0.1 

I ,v / 

Jo Jo 


/ 

i 


.5 


e^dx 


VI + X dx J 


i.i 
] 


■ 5.5 




1 


— dx + 

1 


r i 

J5.5 


dx 


r 1. 

j\ 


dx 


, J 


■.aJ^\ i^I / 13IJI ^ 4.J .22 


2.6 

2.4 

2.2 

2.0 

1.8 

A 

10.46675 

8.03014 

6.04241 

4.42569 

3.12014 

fix] 


J 


ijj 4 .^Ljl 1 I J-pLSjJI jsljL.30L*>lj J (x} W'iH 

.J^l 

^ UuS «'Ua,^l (22) r^jjjJl oLjLw ^ .23 




if I o 




2.6 

2.4 

2.2 

2.0 

1.8 


2x 10"* 

-0.9x 10 

-0.9 X 10 ^ 

-2x 10"^’ 

2x 10"* 

fix) j IkjJI 


/. 


; cf ) 


.(22) ,j;^j.C^I Jjui^ ^ I *— ).i.i'->- f 

p ! U Lja^^ I ^ 5 Xm S3 3^ ^ 

fix) dx = aofixo) + aif{xy) + a 2 f(x 2 ) + 


.« = 1,2 , 3 UjlLp f{x) = x" 5jIjJu 0^^ jy.>.ij>^ 5j.cl5 «z , «i.«o 

-fix) = Jr" J_jic JjlijiJl ^ j»J 

f- f- 

ia^j Ijl ' a 3 j J-O’LSjJI 4Ju*ja ,^1 t(1.4 ) Jlaj Sjjljjl SjLutJl 3*^ *25 

k= 0, I,..., n Af>J\ ^APM) = 0 Lk^l Jua^ jl^ Ijl 

,/t + I ^(-^0 Jjjijajl E(P(x)) V 0 

|2 (j. 3 \!L^L LLl^I jj>- ^ k(25.4) i. 3 4 J^IUI dj ^13 3-^ ^^26 

.(2.4) 

.(3.4) ^lj->uLi^L LLx>J I Jj> ^ (28.4) 3 ^^^ .27 


Composite Numerical Integration 


t I P 11,^ >1 r>K i II 4.4 


4-:^L>- liJlia olj^ ^jis- jiljwiKlwiU Uj,ai^ 

3I3 ^ilJj Jl . Lg^-^3 jLaol jljmsJI ^ 3^ t 4-jJl^ 4^ i Clflji iLju^ . 

» J t 5 : ■' y ** * •* s ^ ■•* * *' » ■■ »■ J ^ f - 

• jL^'il O j LhiAo LLliJ 5-fi*i30Lwtj lail-'L.f I iOlj-iji5" “3^*3ry 

jp>ull Ijud ^j^Luwj .4bJ^jjJi| ^jJl>J| OjjJ 4 jlj:^ ■- kiJLIjji 

.4^ All I olj ^jHwJ^— jilAi>^l*i^lj JjLSlIU (^pWC6WiS6y ^^iallll 


.iIlj-3Kl.^l ^'il 351^1 ^ ola 3I 

1 % 

/? — 2 ;j^j3 3 j i i . > A a . ..ii i oAPii 3 1 .f^ dx ^LoLSlJJ 



I J * *■ 1 1 >• }j> AlL^ I ^ 1^' Lf Ll} Lf 




+ 


rr 


jjsjA-l ji ^1* ^Ju ., -ulcli 


.Bezier J 


^ . 1 ^ 1 .^ 
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2 

/ dx = + 4e^ + = 56.76958 

JO 3 


-3.17143 ^jLu Lksjl jli . /’= 53.59815^^ ^jUJl ^ jJJl v'j^' u' 

. S J Lt 4 JLjl£j Uu ( j-wS jjS I ^ J 

[2, 4] J [0, 2] [0, 4] 4^ 


di = 1 

dLLm-s lia .'jl 

■% ^ wr ^ 


J J-JC — J e’‘ dx + j dx ~ — + 4e + + — (e^ + 4e^ + e^'j 


3 

= 1 (e'^ + 4 e + 2 e^ + 4e^ + e^) 

= 53.86385 

j.ljJ*0....,l3[2, 4]j [0, 2] Li*3j:i ^UUI oiaj -0.26570^1 IkjJl (,k=^ jlaJ 


I V 


Jo Jo 


I '* " I 


e^dx-^ I e^dx^ I e^dx^ ^ 


fx 


~ 7 {^0 + + t’) + 7 (<^ + 

6 6 

+ - + - (e^ + 4€^'- + 

= ~ {^“ + 4 e''^ + 2 e+ 4 e-^'^ + le^ + 4 e^''^ + 2e’ + 4c"2 + £■•) 

= 53.61622 

-0.01807 UjaIL Ij^ jjAjj 

n ^1 Uif b] 5j^l jiJjj Ijj^ jfc-44AjJj 

{7.4 J-SuJj IXl^ l 5^ Sj^U 

y = 0, 1, . . . , ?? j£] Xj ^ a -t jh ^ h = (/? - a)/ n 



[ 


n/2 


.XJJ 


f(x)dx= 2^ # f{x]dx 

j=l ^-^ 2 J -2 


n/2 

E 

./=! 


^[/(^2/-2) + 4/(.r2 y_i) + f{x 2 j)]- 


*/ G C [^7/ h] ^1 A-Ljj-Ij X 2 J —2 ^ 7 ^ ^ 2 j J J > • ^7 

^jJiJl! J^llll jL>Jl IjaUb f^ 2 ,/) ^j£j _y = I, 2, . . . , ( n/2) - i J£I iLxLsw >lj3a«aLj 

+■ 

Jx2 ./rX 2/+2 ] DjJaU J^IZlI JjJl ^ dJiSj [X 2 j-^ 2 r ^■ 2 }] 


^ ■■^ '■ ^ ^ 1 A. J. V J 
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Composite Numerical Iritegratlon 


I ^ L 0 1 1 ^ o i1 J aK 1 1 1 m 4,4 


j- I 






180 


£(/) = - 




,*ili h - {h- a]/ n ,-,I Lw 


^ J 


180 


: J1 LgjiJ Djji jjl 

* if > 

7 - 0, 1,... , n JiJ -V; = ci + Jh j h - (h - a)/ n v/ ^ 


Jl LLi^Jl jj>- ^ Lolas' ^jp^l 5j-&La j| ^ E {a, b) ^Li 


ft 

f(x)dx^ - 


«/; 


/(fi) + 2 ./(-^■2./) + 4 ^^/(a: 2 j-i) + f[b) 

7-1 7-1 


b — a 
180 


/!V‘^’(M) 


&i*& cjIjjuJI fi 4jt^jJll ijj^wjsju^ ijuC'LS (1.4) 

S C- ^ 


Compsite Simpson's Rule cLl£ij ^1 ^9_uj4<mjj ojlxL^ 

1 ^ f!; f{x) dx 


JJjC ft ^(i mb ijL^JJl IjLLailj lOUjIii A-oJ I 

./ Jl XI :OLaJJl=oJI 



og-kiAJ! 

i 

II 

1 

1 

Jf/O = f{a) + f{b) « 

{ J 0 ^ W 1 X / 1 = 0 

(/(x,J 4 JIJI X/2=0 

2 

./ = 1, - - . , n- 1 j<3 5 J 4 jjJikiJI jS 

3 

■X - a + /ft 

4 

.itAi IjL:>4) |jA£- / jLS I 4 I 

XI 2 = X/ 2 + fix) 
XI \= xn + fix)c^% 

5 

■XI = h{XI0+ 2 • X/2+ 4 - Xf])/3cf‘ 

6 

(Xf) ^2^L>Jj4l 

_y 

7 


0^3^ — i iibjis (>1»J 


4,4 tijja!j4i) 


ALGORITHM 


q L njjig -s II 
1.4 



- ■ 





145^ 




.*1^ j*. b.11 
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Qij wJLilxe! iiaSAJf {8.4 Jidi ji^l) j1 



tt JJJtJl L J^^LJlLu iJ-S-! 5ju^lj ■. 4 jlJj 5jjtU (jl UlJ 

ji 

jLj>^ J = 0, 1,... , n J5J Xj = a+ jh j /j = {^,_ „)/ „ (./ e C^[«, b] jjSJ 

ij.» /] Us.^1 I AJ.W (jl ^A^^^'>^i> fl G {cif h) 

:Iu^l Iu,^.n ^ 
h- a 



L 


’’ h 

fix) dx = - 


n- 1 


/(a) + 2 ^ f{xj) + /(W 

j=i 


Ix^fW 


12 


(9.4 , u-^ j j L^J I fl ijli 4_il3_^jj! A-LxfljJl DJj^Lb Lo I 


8.4 L U 


9.4 i jj 



^L£J Xj = « + (./ + l)/j >h^ {h- a)f{ n + 2) n ./ e C^[«, h] ^ 6,4 

4iaijjl 5 jjU ijLlS^ pt G (ci, h) ^jJlc *j~~ 1/ 0, + 1 


^ ■-. '■ i ^ ^ 1 it-. J.V J 
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Composite Numerical Integration 




I 4jLa^u3lI I jJJ ( 

a/; 


n + Z) JJSJ 

n/2 




a/j fy Cl. 

/ /(.o = 2b 52 /(-^2>) + 

Ja j=i^ ^ 


J - 

ojl*^L5 0/00002 i^ JJ! ijibrifi LLii^ f^y siiix dx ^ L> 

; 4^'!!! I ^aja^xJI Ld JJmJ i Sju? 15 /J .4utS JI 


f 


sin X - 


h 

3 


■ (w/ 2 )-l ^j /2 

2 sinx2/+ 4y^sinx2/-i 
. /= ^ .1= I 


* 4 ^ W 

OJLPU , 4^ji 


Kh^ 


sin n 


'Lp'il j»J3^X,aJ (jl Lulxd 0.00002 ily> ijjl lia^Jl (jl Ujj 

:h ^n jj 




180 


sin ju 


Tch* _ 

“ Tso^ 


0.00002 


h = n/ 20 


5* 7^ 
C. 


jOJI (jU n — 20 Ijl ,/i > 18 lZjLLujsJI ai* JU£1 .*)Ijj 


4_KjU^ I L.,.ila«.!, a 

M- W J 


f 


sin A' dx 


K 


ij2^i 

L i=i 


sm I — I + 


10 


10 


■ 

4 2^ "^iii 

J= 1 


{2j - l);;r'' 

20 


= 2.000006 


(jl j>jJjLM>J iijLcli alj3JL^| (jli iejua iijJl j^LlUj 


7th‘ 

l2 


stn/^ 


7th 


2 


Tt 


3 


< 0.00002 


12 12fi^ 

Cp> Ij iJJiuj Ijls jjl Lojj .n > 360 jjl jl 

. 5J L..U I aj^cLi |>lj;^aJwl .tjjj Ujli a 4^iSjll 

J^h = tt/ 20 ^ li ^ 20 4^jll Ajui oj^LS t iJjLflli 

u • 


Tt 


r ■ 

\ sin X dx = — 
To 40 


ly 

2 5^ sin 

. ;=l 


ZL 

20 


+ sin 0 + sin Tt 


Tt 

40 


jy 


2 >2 


L ./=! 


ZL 

20 




= 1.9958860 

LJ L>9 I <m Lis^^j I lu I ^ 0 Jy^ ^ ^ '^3 ^ ^ 3^ ^Tlnt ^ ^ I Ij^ il^ ^ I ^ | 

lift LliIsuO /■? = 20 |3Ij^0LmjLj 



.'a^j 1\ <Jy^\ ^ aAc'ij ‘i^^l J-Cli ^a.i^iJJ CAS 7^ I jyJ Q 

j.a'iU Uj^ >^L>> 4-j I ^1 iJji^jJl *^j|l nLLJ.^ MBpl@ La 

++ 

>with(student) 

simpson(f,x=a..b,n} j trapezoid(f,x=a..b,n) J_>J( Jiljis ol^ U 

+■ 

UJUU u 


ji\ l*U 








>f:=sin(x) 


Numerical Differentiation and Integration 


iJ-olAiJIg ■ 4 ljLlJI 


>trapezoid(f,x=0..Pi,20) 


>evalf(%) 


>evaIf(simpson(f,x=0..Pi,20)) 


/ := sin(jc) 


19 


20 


" E 


/= 1 


1 

sm I — in 

20 


1.995885974 


2.000006785 


MspiG jj I I 5j^L5 

>evalf(iTiiddlesum(f, x= 0 ...Pi, 1 0 )) 


2 ,008248408 


/{-*•)» h, n, h Maple 


>f:=x->sin(x) 

>a:=0; b;=Pi; n:=18; h:={b-a)/{n+2} 


0 A-uljuJ*^! I 4J 


^ jjJl j 


tjJl I ( omjj JI L^ui 


>Tot:=0 


: LaS" 4 -aSb>uJI 4 aL>JI Maple 


for loop control variable from initial- value to terminal value do 
statement; 
statement; 


statement; 

od; 


LajIj^ ojL-jlaji l " ilj U ^ t ^1-/ 2 — 9 0 1^ i^3JI I 

A 

^ I I I J Iwo (JS j i 4jiJL>J I 7 “ f 1 / ■ ■ - / 9 

pjjii ^1 A^\ .od ,tO;do, for, from ^ o;UiSJI ul .od LJ 5 


do 5 -J 5 jju {;) 

> for j from 0 to n/2 do 

> xj:=a+(2^j+1)*h; 

> Tot:=evalf(Tot+f(xj)) 

>od 


^ ■■^ '■ ^ ^ ^ 1 A. j..*v J 
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Composite Numerical Integration 


j B 4,4 


LUaJI ^ /I = 6 LeJU>JLuU J {x) dx I 

.LUiJi 

UlO jjl ^LjuJI Jji ,f^'^f{x)dx /r = 6 Uj.^l!Lj4i 5j^!J ajJ^oi^L,^ 

^■(v) J ^ 

fi t 

jIj^L <L^jAJ <uSjII ^^..d.t.a.,,t SJlpLaJ f) ^1 >Jli.i.~ I '16 


180 


[/'"(/.) - f'ia)] 


[/;/(">U)rfx 0U.J ^^-=i/‘"’(t;)(2/i) :5^UI| 




(16) ^ ^ ^ jJkIwu 4j^ji I 4_3 j->JlI I 0 J-&15 ^ ^if) I j-f i3^ ^ J . 1 7 

.(12} O^j^l ^ ^jilJ (17) j (16) O^j^l ^ .18 

-(14} jjuLI I ^ j^j-iix! (17) j (16} ^ Lla^ I ^j^iOLwjl .19 

jl J-oLSilllj ^ .20 

1 


/ CO- 
■30 


a V2.T 


e lix - 1 


= 0 J^i oij UL^^I AiUSJl 5Jb 


++ 


- f 

. fi ■i^ > f 

’ j- 


30 


1 


^,-(./2X.v/a)^ IJiljl ^ 


-K fj V 2 jT 

*o i3jL?aII i^ljj>o*ilj 

Ja / y& [^f /?] Bjjijl ^ Ij^ 4 .a^L> 0jLj3s« 4jsj^ JUjl>-I /)! 

^ ^jJ^I Ij^ 5jbL?Nfi 4 jw^ f 0^ 10”^ iaj^l 

: ^ Lu> 5 j2j J-S" 

« t 

[-3a3o] [-2a, 2o] -V [-a,a] ■• 

.4 + 9}^^= 36 4IJjLa^ ^iJl (_>^LlJI J^ 

G SjLj«*JI i 84 ijLuhJi DjIj*j .22 


84 

78 

72 

66 

60 

54 

48 

42 

36 

30 

24 

18 

12 

6 

0 


123 

1 16 

104 

89 

78 

85 

99 

109 

121 

133 

147 

156 

148 

1 34 

124 

■J 


V iLt ji%yJ I iJ 1 J ^ ^ ^ J ^ i Ji Lw 

H- +* ++ 


VjU-Ji Jy= u 



m 




r 




.23 


; ^Li-uisJLj / ;V 4-C^^^jiwJlj R 

' = r ^ "" 

A(/o) 

. ijjLjJI I Cyy^ ^ Sjj>j|, ^ ^ Lj jJjL-J ^(t-0 ~ ^ 

4JLCj**j LbtjL^^ jhju>i.u^ c>^j^ 1 14 ,(^) = 10 m/sim = 10 kg jlS* Ijl 

- V = 5 m/s 

^LjL>-I jJ-Sbij ToIjiJI 5L5^L>^ *24 

5Jjao o1>-IjJI SjljpsJl)) D.A. Secrist and R.W. Hombeck [SH] 

4.ijU£aJ b 0 LI=u*i I ^ LSJ I D J bJ J I <*T (f 4^ L*ii I wJU-juJ>%> 

■M ¥ ^ C * ¥ 
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T = 


T{r)rQ,dr 



,j_ j Tfl JJLsJj i SjLJ 



I * * 1- f A +* + 

^ ^ ^ ^ ^ ^ ^ y <db U-1 1 j 1^ I L^ JJuJJ Lo i ; I 5 J ijJJ j 1-^ I 

(2.12 

^ LS'iJj^] oUjjj 0,7051 .r,= 0.308 ft .^0= 0.478 ft 

JT 4 a-j^ ‘ 443^)^ c5^ (^^5 ^ Cjuu*)^ sL)my>- 



;■ (ft) 

r(r)(T) 

0.308 

640 

0.325 

794 

0.342 

885 

0.359 

943 

0.376 

1034 

0.393 

1 064 

0.4 ] 0 

1 1 14 

0.427 

1 152 

0.444 

1204 

0.46 1 

1222 

0.478 

1239 


f 

J-taisyJl i^ill dL?l5i!l 10”^ Cy>^ .25 

r-h n 

MU 

I Vl+(^osji^ dx 

■ ^ jUo^ l^\ 4^1 .26 


'0 

1 


, -^=e~^^^^dt = 0.45 

'o V 2tt 


(T 


AAJjli? j» I Jl>ow \j 


/(■^) = 


■0 


V 2tt 


-'~^\it- 0.45 


fU) = 


I 


V 2tt 


,-,r^/2 


J 


^..ju 4aajl> 4^ 4jLu.i? J I 7 - lX;>J P* ^^1 JlLs f 

. ■■ t* t m. t, S ^ '■^ j ^ 

’« _J_ 

./o V 2n 


/ 






^/f 


Bap 13 j 


± t 


Pa = 0.5 ^ cPJtH 10"^ oUJ fix) - 0 J U^j '>L>- . 

-W 


SjJsU ^ 4^ DjLjlli Uj34L-juff (I) DjSiJi j-pl 


^ -■■ ■■^ ' ^ ^ ^ 1 A. J. V J 


Romberg Integration 


^ j-uD 9J iJ_D LSJ ■ 5,4 


Romberg Integration 


JjdIAj 5.4 


jiJ i I jGu I O jAJ J ^ k 3 j->JJ I 4 .^ 5 13 

OJ J j lJ i | }< ^ \ m > I ( 2 . 4 ) tf 1 I ^ iJIJ' I J' J L*j_Oj lJ 1 ^ ^ 'l ■ < > 

4 AjU^ I Ji^ ^ ^ I JU< AJLuIx 

++ ++ ** ■■ 


M - N(k) = Kih + K 2 lr + • • • 4 - K„h 


n 


* * 


^ 0 | - ^ 4 -ojJUi I ^ ^ J IjJ ^ 1 J ^ 2 f ' * ' f Kfi ki 

cijL^^^yLJ I DJJ& ^Ls dUMj h LjjJl^ K\h 

,j-fl LL-^ <zj\j UJ 


I ^jLioL 


, 0 (h) ry (> 


'J 


4tu. 


Jjpua->JJ kiUj ( 2 . 4 ) ^Ij 

.Sjjjj>%flJl cj^UliullI jUJ 4 ^ajjL Ju.pgiAJ I li*fe ^ jij 30 L«j!juj 

7 " Lj 4 jlj JjlijJ ^^pJUJJijJ i^j.>%jdl 4 juv 4 jUjl^ jjl ^ ^JjJJ 

jjlj^OwL [a, b] SjOiJl 



L 


h 

fix) dx = - 


m— 1 


H^yS m ^lj,>Ow 


{h- a) ^2 r» 


12 


h^rm 


f(a) + f{h) + 2 E /'-4 

J= I 

■ 7 - 0, 1, . - . , m > Aj = a + jh3 a <M< h, h = {h - a)/ m 

ij^l5 ^J^3J i^ j Jjl . Ijl:> jj L>o,>s.^ IjJJ^ fl 

■rn E 

Jilfi - 2""^ J nil = U ^^^2 - % ^’^^3 - 4,,.. j3-b i^j:>Jiil 
oia aljJKl^^b ./iy, = (h - a)/ nik = (b ~ a)/ ^U' J ibUJi /7jt- o^jkiKJl a — ^1 

I 4>a * 

■jj.cli 

(&- «) 


I 


f(x) dx = 


/U 

2 


2*-'-l 


/(«} + /(&) + 2 [ ^ /(« + ( 74 ) 


/= 1 


12 




( 31 . 4 ) 


.(«, l^k b JiJ 

j j.>«jJ I <Lju 2 j^iJJ |>j.>, 2 >.ill ( 31 . 4 ) 4 jo,jJ I ^k,\ lj.aJ.^^J,wl Ij^ 


■fii,i - ^[/(^^) + fib)] - ^^—;~[f(a) + f(b)] 


Oi 


Li 


^ 2,1 - 


2 

h2 


[f(a) + fib) + If {a + h 2 )] 


2 

{h — a) 


4 


f(a) + f(b) + 2/ ( + 


{h- a) 


1 


- -[i?],l + /i| / (rt + /72)] 


1 


f^ 3 ,l — + h 2 [f{ci + / 13 ) + /(^:^ + 3 / 13 )]} 



(1909-2003) , 


Sj-tli 4jj 




F h V? vJ >V > Jl^' 

1955 .U IA.JJI 


1j 4^ ij-fr u_3 4 _l 

^ kL, M- ^ 




hjjJl ^ 5 _JbuJl 

" "L " ^ " 


\ ij _ ' V jpAJ 
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10.4 i jj 



J-pLSj i;^ S I wij^SNjdl 4 _uIj iijLpU (jI 

:J\ ^yy_ ft = 6 j-^l /o" 


^1,1 = — [sin0+ sinn] = 0 


Ri 1 “ 


^3,1 - 


1 

2 

1 


TT 

/?ij + n sin — 


2J 


= 1.57079633 


TT 


n 


i?2, 1 + — I sin !■ sin 


3n 

T 


= 1.89611890 


I 

«4,. = 5 


TT / n 3n 5 tt 7it 

/?3 1 H sin — h sin — + sin h sm — 

' 4 V 8 8 8 8 


= 1.97423160 


4 


il l«.> 


Rs.i = 1.99357034 
■ Re,i= 1.99839336 

iji<5.'i.i.il (2 (1) JLxll ^ ^ l.^,'i,l I 

* #■ »■ 

■ 

f ^ i*] ijj ol ([RR- pp- 1 36— 1 38] jJsul) — 

4^-j,..^J I lOlj t_3jj>sjdl 4 ju5 SjJ^LS oIjLS 

.2/ _ r2 


I 


2i 


(33.4) 


f(x) dx - Rkx = ^ = R\h^^ ^ Kih 

i^i /=2 

^ y’llf- SjuJjtoj IEaIwj Ki J5 


^ ■■^ ■ ij .1 , . *' »p*. > 4.. 
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Romberg Integration 


J-dLSJ ■ 5,4 


■ J_:>JI LilSuM uLioAiojl DJJ& 

iJw.,£a->uLl |_j-* ^^k-\- l ~ hi'/ 2 , 4 L^ 4 JjLflJ.I wLIj 4 JLuzxSl 

K,hf 


p (J C30 OO 

i=] l=\ 


yli 


Kihl 

4 


+ 



i=7. 


K 

4 ^‘ 


(34,4) 


i|jLi*,43J I U j (34.4) iULwaJ I jLlal 4 (33.4) ^Liu^iaJl 




f(x) dx — 


^A' 4 - M + 


/^k+ IJ “ f^k,} 

3 


pg 


= E 


K> / hi 


2i 

k i.2i 


i =2 


3 \4'-i 


- /jf' 




( = 2 


4 i-t 


2 1 
A- 


0(/l[’) v> 


4 . 4 jUi j Jl ti* ^jLWi Jl.» 5 ;i,,..‘^l jjjiLw 4 

* 

. ^k,l ~ ^k- 1, 1 


f^k ,2 = ^ 


k.\ 






j-fi X: = 2, 3, ,.. , n 

- 2 1 J A: - 2, 3, 4,... , H ^jrJ^ 

b4- 

I aJijA* 0 [h I ijiJ VjAJ 

^kj-l~ ^k-\,j-\ 


= Rk.J - 1 + 


( 35 . 4 ) 


4 '- 1 - 1 

( 9 . 4 ) JjJl:»- ^j 3 A-upJI sJw iOJ> 4 u J-S-^ 




4,4 


^ 3,3 

^ 4,3 


^ 2.2 

R\ 1 

rZ 


R\,i 

« 2,1 

^ 4,1 


9.4 J 921 -? 


R 


n, AE 


R 




R 


n,3 


^tj /2 


R 


nj 


15 ^ ju LriA.> ^Lu L£ l 4 I ^ ^ji-^ ji^ i ^ J j 0 ! 

dilj OJ^Ij 4 ^UpI 5 jj 4 _ij->- 4 ll 3 rJj^ 0 ^ 

ijiLj jL>o^ 

J- J. » M p 

ji lL> o!>L>jii V 3 II 1 Ijj> (> 0 ! 

.^1 i.^ 3,3 i-/? 3,2 <.^ 2,2 <.Rl.] . 1 ^ 1 , \ 

3 la (2.4) ^jj ly^i 

Romberg ^joj^gj 

ji > 0 JJ>~\ t/ - fix) dx JjLSjII 


ALGORITHM 

2.4 





^ - -*W 4^ 




> 45 ^ 
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^ h } (1 lOiliiJLoJI 


, j,^ I L I ^ J ^ 1 ^ R : CJ I "S Q 1 1 


Q g-Q if^ qJI 

ng In ^ n 

+ 

h^ b - a; "~ 

/iij = h/2(f(a)-h /(&)) 

1 

(RiO 

2 

,8 4 L * > I U ^ ![ I ^_U3 _l 2; . . . ; /? JJLt 

_rf* W- -P 

3 

^2,1 = k [^U + ^ T.tl fi^ + (^ - 0'5)/o] 

4 

j — 2/ ... , i 

■(^J^ ^LuX,.! ) ; = /?7 ;-i + , '"' ‘ 

A/ 1 ^j - 1 _ J 

5 

•{ j = 1,2,..., ( Rz j ) ‘^^■>41 

6 

./( = h/2 

7 

.( R J> Jjiil ) f^lj ~ ^1.} ,*-^ j = 1, 2, ... , f Jilc 

8 

.^ai' 

9 





.(1) JLill ^ 


jjbL^ sinA"t/x jJ-dLiiiL] i^^jjijJI ^6, i ^i,i 

.(10,4) (2.4) 

Jj^l ^ 5juJl (j1 \1^ ^ s:i)*>L>-jil 2^ Jj-^j Cp-^ 

, I I 5 JlS 15 !>• I X>uu*j L> I 1^^ ii2J I ^ Cj'^ ^ iJi I J jij5 J j 

kj:jiL^jLll jLi^j 

JJhCaJJ Jj*^I I Jliiiw'iU 4_J^ljJ| ji-A^I i^\ iaU>^ 

I 4jlSjdl iwS 1 4,JuIi bjJ^L5 V . i ^ LH (3“^^ 

’» ^ c ” 

.(Jj.'il Jjljjtjj 





2.094395 1 1 

0 

L57079633 



L99857073 

2.00455976 

1.89611890 


2.00000555 

L99998313 

2,00026917 

1.97423160 

1.99999999 

2.00000001 

1.99999975 

2,00001659 

1.99357034 

2.00000000 2.00000000 

2.00000000 

2.00000000 

2.00000103 

1.99839336 


^ ^ > s 

N ij>o ^1 JJ^ JuJ.>uJ dJJj4 « Uju4U> JJl>^ fl L>jl>^ 

ijf ^j L J_>- 3^ j^ LIjl^ 




L^l t H*C J. t a ^ La JjL 

■ ■ ■* J ^ 


r 1 ^ ^ 

. LLl^ I JL>- Rfj- i f^— I J Rn.fj aJLjlLII AjjiadJi 'JUjL^JuLl ^ 





10.4 Jgj^ 




■4 '.*w ^ 
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Romberg Integration 


^ j-uD 9J iJ_D LSJ ■ 5,4 




■ 


)-i fl 9 ^ 


l,n- I 


- 




Oj^. 5 jLa] 


-Lt3 ^ 




Jl>- 


^n-2,p?-2 ^^T-l,^I-l| L^l Jjjj J^ tjj^l LL>J1 

bjJy ^ ;ji o1 'il ; LilLt' ILLiI^I lla yl 


^1 . A^jJl> ^L>^jj>w3 Rff jPf iJjJ.SJ I LLl^JI bi^LLu JiS ^uL1jL>^ 

4jlSjJII ^1 [^T W ,/ 

^ f £ (7" f^] i (4.33) 4 Aj»j^_II 4JLlsjoj 4Jj? LLl> 

^3iL>J i>jia^ ^_|S JjL^ Lii^jj' J^ISj ^LuJI 4_wjjlj^ ,k 

jJoh] ^ isjjr'j (Jjijiaji Ia* 

« ++ S g 

jL>Jl low'j.o ^dLjjJU 4-iJ.oji^ ) >,^_^LiKl slAiSuLw'^ j3^lji» jJ>dul Iaaj 

,(6.4) J,-aiJl 1^'jlJijji— j ^^^1 


EXERCISE SET 


' 4_u 


J'J 


o^UlliU 


Jo 

/ 


1 


0 ^ “ 4 

2.V 


dx ■—> 


x-e-^ dx 


^0 


t2- 4 


dx 


/ si] 
Jo 

L 


{ cos ^ dx 


/ u. n 
0,75 

r 


,vln(A:+ l)</,t ,t_j 

« 

I 


/ 



J,-&L5u , 

^1,5 

^_J 

* 

/ A" In A f/ A 


jTO/4 

/ A " sin X dx 

- 

r -T^ -'^ 

J^ - 4 


L5lJ 


(cos 


f/A 


^ ((sin - 2 a siriAT + \) dx 

.(1) I oi^pflLSjIJ ^^44 K .3 

,{2) ^ o!>Uliuij ^4,4 A 

(1) I lO j^'Uilijj 1 Jl-oLSlJ ajL^^lLjl * 5 

M \L^ * 

I ‘ ‘ Ojl^ fl = 10 jl l^n“l,«-l ~ f^n,n ^ 10 

iJjJ,^ UUaJ>! ,1U ^ (2) I ^J3^X,,'1 .0 

,o!>UliilU ojaJU dj»OLu jjli .n = 10 jl |/?„_, „_i - J?„ „| < 10“'' 

o5aa 'a3j fl fM^lx oULwJI .7 

, *L **^ ** •* ^ r 




5 

4 

3 

2 

1 

X 

3.2804 

3.0976 

2.8974 

2.6734 

2.4142 

fM 


.V 


dx 


f 

Jo 1 + 

.^21 Ju>^l ^2: 


Ju^Lij jsj3oLAji .8 


J^jl R 22 = 0.2315 Rn = 0,250 Ijj 


ijjjiiCLUl "jJJ-" cautious Ci[ 

Uax>J Ci^ j-S-^ ^ l/ 

l" 1 i I S" Ijl Lj I , ^ " - ■ » 4 


Jjrl Cj==-J Uw3u''^i iJIjI — 


5.4 i' 


I M 



g r g o 7 ^ o 


^^jya4\ ■ ■ ^■- Jr*- , 
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,^2 f{x)dx J^LSj ,9 

./( 2 . 5 ) jLjxi Ry^ = (143662 j f{ 2 ) = 0 . 51342 , /{ 3 ) = OJ 6788 , = 0.43687 (jl 5 Ijl 

.fi{) = 5 j y^iL = 4 : ^ ^ S>^ • lO 

^31 /?33 = ^ J = H, /?22 = u 1 fix) dx J^liJ . 1 1 


■/u*v^l+ (cob A')- t/x ^j^jj J^LSj .12 

Cj-^ ^ I— ^L*j(_^ 4iij jls ijiJLo I Lo lj| l4-> ^oLju- ;j1 I 4 I 3 j_>Ju I 

.JjL£jJl liUAJ 




.[JjU. 

1 1. /^3J t /?2 

E 

,J i i?l,l . 1 

i?4 4 h./?3,3 

t/?2.2 U*JL.^1 

•■ 4- 

^6, ^ * ^6, 2 

^ ^6. 1 ^_i.i.4'->' 1 

* ^ 

J %9 4 R%. 

fj i,^7,7 ^_jl-jl>I .j 

ik 


- 7 - I J W i* ^ ^ J.J LSuJ I 1 JJi )J ... tfJ I J Q J 

. .,i.j 4 JL^L^ SjL^I 

SjLmH jsljuPiuL*;lj 4 ^dj^ ^jJI jXO I Jpb Rk,l ^ ^LxJl i^-lj I ^1 * "13 

h = (4.4) iiajJI ^ ^1 if5jll 

■PI J- 

:k c^jj .14 


2 ^ '-1 


/ ( « + Ou- 1 ) = 


2^-- 


1 


^ k-l 


- 1 


i= 1 


^/(«+ 2 1 + 


Y fio+ihk-i)- 


J=J 


:k U 1 U32>4) ^ Jj^.>aJL! 14 ^j-oJ .15 

H ‘ 


Ih,\ = T 


- yk -2 


Rk- ],1 + ^'^k- 1 ^ M ^ ~ 1 * 


j‘= 1 


;erf(l) J^L£:i J-^ ;( 1 . 1 ) ^Uujl :>o 24 ^ .16 

r" « ^ ^ ^ ^ 

= / 4 JLf*(sJ I 5-3 I JO J, jfliJ I LL^JI *iJlu Cr^A:) 

Vn io - « ‘ 


^erf{. 


10 


-7 




h erf’d) 




Adaptive Quadrature Methods 


q 1 6 1 ^ T 1 1 'J r> K 1 I I 6.4 


Jjuf^ Lju^jIjui IjJb^ .wjL^LulLI 4^jLm4uU 4k-^j.^v3 |»Ij->oLjI jIU'i" 4 o5jnII 

J^ Ual-J->-| \J^. : ^>j 3 lkLa 


j-AAjJ I ^ 3 ^^ ^ I I 3 ^ ''^ jAi^ I u ^ ^ ^ ^ ^ 

JjLxII Ij-^ iUUJI iojLJI 3 I 

.Sj-iAjIl OjLJi=^^ iiwJl) 

M- * 

i. 4 -dL.^ U l) 1 I «^-iuljL>J I ^ I OJJjlII jpl^^iojl ^1 

■" "^PP. ♦i-l 

JjL^>-aJl UslWI L^ul L(p 2 J-j (J*jlJ 4lljj 

£a3 k — jl *— ^y3 J-pL£j 4 — I^Jd Ij-a ^ 
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oi “^1 liajJ I L^-v^ I ^jS-c^ (JjLju ^^LSLs"^^L ^1 l5^3 

l^jILlLI 'i, 1 6 JhoLxj L-jjjllJl OJ ajLp ^ Ls SjLiP 

.J;3^ ^jJi ^-^^3 

ij^Axj Cy^ ij^ i &j^LSJ 4_iLi£llJl JljI£jJI j^lij (3.4) 

^Ja-^ I J lii I ^ ^ I 1 4 jju£IJ I ^ 1 

.(39^4) 4_>^_>ljjiUl 15 e 10 e 1 1 Lii>Jl j,jX>I 

■ ^ Ua.^1 lioSL^^ IjIjjl^I j->JI Ijj^ JjjJ 

,J^I yC JjJI li* o* jJAt Ij L^ ^1 JjLwII 

■^j^' Lf^' y JjllaJI >.J_;2 j j_jS Sjjsii! ^_jkl| (jl 

^ ^'%.:>(!LM JalJi^ J^ ^ I ^LJljJl |uxJl ^ ^IplJ ^ 1^ 3 

^ ■-' " O **-^ * 

. I niilj jXj I I jlftjLI 

L-ni.^J '^jHall CjbL^I ^ayr.^j Jr^j^ ^ 4^^.ftjfr 5 ji 4 ;3 I 

0l jJV C>^ ^jjL>4l o:>>JI ajlSJl ^ 

. (^ 60 iJ rs i v€) 4 b_^ L^^jjuuj I 4.^ h L^ {^3“^ ^4^^ 


Adaptive Quadrature 



. 4LJ Jh«**juS LLx^ J_>- / = y y' ( A' ) r/x 3^ Liii l ^ LSuJ I ^oLfl-P 

. iJljljjlLjd I JjAJ N JJL>' <.TOL. Ua-^JI JL^ i h ^ d oL^Jjl :OililiA-4>Jl 

^ J3 N c^\ y.jp j\ APF V^J^I :objJuiJI 


(j9_CM:iLcJI 

ogJcLiJI 

9Cu3 

APP =0 
/= 1; 

TO Li = 10 TOL 

cii - «; 

h, = (^- a)/2 
M, = f(a)\ 

PC, = /(ci + /li) 

ra, = /{/;); 

5/ — + 4FQ + 3 ^ 

Li = 1 

1 

.5 3 'i^'I^^Ja-^l ,3f^ ^ ^ -Ojp 

2 

FD = fUii + h,/2) ^ 

FF= ficii + Vii/2) 

i'i = hiiFAi + AFD + FQ)I 6 (=j^' "Ij-*' 0>-^ <> ‘t"A> 

52 = /r, (FC/ + 4FE+ FB, )/ f> 

^1 “ j CjU^jIaII |j_y>-) 

07 = FAi 

Uj = FQ 

1^4 = FBi 
o^ = hi 
f(, = TOLi 

<^7 = .V,- 

On = Li 

3 




j.U)l 


L& 



■X ■■ , J 

. 43 jJ i 
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Romberg Integration Methods 


iJjdL^JJI (JJtjJa ■ 6.4 


K3 


I — l - 


1 

tw 


APP = APP+ (.VI + .V2) ^ 1 51 + 52- V 7 I < Vf, 1^1 




Li (Vr > N) -K 111 .iUi ^ 


r^3 


(diLii LdjjtJt) rr.EVEL EXCEBDHD’) 



I 




( JUJI S AiSl I — J + 1 .*-i 

m = Vi + V 5 " " "' ' 

FAi = V 3 

FQ = FE 

FBi = V 4 

hi = V 5/2 
TOLi = V(,/2 
S; = S2 

Li = Vg + 1 


5 


w-juJI 5 ^liJl ■ lUjLjIjljiJI^ I — t “h 1 

Ui = Vi " ■■ ' ■• ^ 

FA; = V2 
FC; = FD 
FB ; - V 3 
h; = hi- I 

TOLi = TOLi - 1 
S; = 51 
I ■ - J • 1 


(TOL AFP ) (AFP) .oL>>ai 

h " ^ 


6 




.[1, 3] 5^1 ^ JC ^ f{x] = [100/.r^)sin(10/x) L'ljl ^ ^ -j (13.4) 

.] .lx 10“^ L>yI3 ; - 1.426014 j^i«3 fi >l<JiJ 

4-h M 

1?L^ 5j3 23 /? = 4 j-^Lj 5jl^Ui j»lj_>u ^^1 ji^ 


o^jLLJll ^lJIjJI JJ-& ^1 .,(13.4) (J^SLs I I 

w* M 

,93 ^jL*u 
++ * 

-Ji 10 ^ i5j 4_jL^j ^ OJlStIj O^jllxlf h JjLxJJ A j ij| 

^ir Vlr ^ 

II 4 i^jiJLLlII JJaJI iJjbtJ Lo i4 1 i.lAllj LqlJuAj 177 LLuj I )j a Lj^ 


2 JLId 


^ •"•■ “ 
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EXERCISE SET 

S({a -i- h)f 1, h) t S(a,h),S{a,(a+b)/2) oj^Ls .1 

jLlJI I ^ i 


I 

L 


x~ sin X dx 


(cosx)^c/x 


L 

I 




3.5 


4 


X 


dx 


dx 


- i 

. r" 2 a- 

I ^ 


x^e "" dx 

L 6 


" / 


l,:5 


x^ In X dx 


.i 


.n/4 


dx 


■J 


sin 2x dx 


^x^ - 4 "" Ji — 4 

U 1 ) \ ^ o'lArf LSjLU 1 0 ” ^ o L^j^' J 0.g.AiLt.i I Jj LSil I Aib jIp ^ 1 . 2 

I AxAJlSjJI A^ji? 


10 


. i rt ■ ^ 




/ 


f sin 2x dx 


r si 


sifi3x dx 


f (4xcos(2a ) - (x - 2)^) dx .J f (2xcos(2x) - (x - 2)^) dx 
Jo Jo 




6.4 (jjjLoJJI ^94>3 jd 


^ -■■ ■■^ ' ij ^ Jr*' ' T. 
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'2 ^TT 

(x + sin4x) ifix .w / (sinx+ co;i x)dx 


sin 4x dx 


i^ULSlU LJbilll 


Ojl JJS‘ 


I (x + sin4x) ifix .w / 

Jl * Jo 

^ tt/ 2 /• I 

/ (6 COS 4x + 4 sin 6x) c"" dx / x si 

I I ^ I I = 4j 6, 8, . . . jj I Ij jJ I .5 

. i^jJLLJl I ( I i Uu) j jjJ I J . 1 0~ I 

il0“^ JjLSuJI Jjlj£j]1 4ojjjljp^ (jJiJ 




W->0 L s 


Jl 3ua^l JL£:0[ 3^ 


p n 

/ X si 
Jo 


:sinx dx 


•h 

X COS X dx 


r ’ ■ 

j X" SI 

Jo 


sin X dx 


•V [■ 

f x^ cos X dx 
Jo 


.[0.1,2] Ji^ cos(I/x) J sin (I/x) |s^jl ,6 

*10”^ lIL^^Lo LSJIJ I I JalSill jij-iiOAiil 


/ 


2 


1 


sin - dx 
0 . 1 ^ 


/ cos - 

^1 X 


I 


COSJI 


m 


iOjiJIj sUaj mu"{t) + ku[t) = /-ocosw/ A_JLtfUill 4 jw-s>JI .7 

A 5 y /'ocoswf j^l 4 (damping) jjj owL5 k 

U^l 




(t/{0) — ii(0) — 0) i!L> J j&USJJl ij^ Lfljoc ^1 


C! 


^^0 = J — ^ OJ idt) = — ^ 


(cos OJt - cos OX}t) 


. r G [0, 2 jt] j = \,k = 9, Ftj = \,0}= 2 U JlI^ u ^j I 

40”"* 2>ju2j Jq u{jt] dt ^UiL5uJJ k—wJjJI 

Aa-j«a!| ^li t(7) J AAj^ ^ Jl CM^{f) A>Jl lj| .8 

S 0 CLAjUb i^jJl aJjlSJIj wJ^^^jfil jiLlaj ij^^lJjl Aji^LftjJl 

y aaJ ^ .UiJJI Ij^ Ujuuii aAj^I OJ-fl q\ 
Fo 


f) = + €2^^^ + 


c^a/- + m-(a)^ — (fp-)^ 


(c<7> s i n fjj/ + m (o)^ - rjj^^cosoJi) 


^ I = 


- c + Jc^ - 4wf^nP - c - - 4(0^ nP 

j ^^2 = 


27?? 


* 2 ??? 

*w(0) = i/^(0) = 0 ^ 


^ 2 c = 10 iFo = 1 u/: = 9 ;m = J ^ 







fiAf-llj jUuJl I j jJ-Ul I T{a,{a + h/2)) + 7'((fi + h/2)r b) j T{a,h) 

. f(x) dx JLSjEJJ 



You have either reached a page that is unavailable for viewing or reached your viewing limit for this 

book. 



You have either reached a page that is unavailable for viewing or reached your viewing limit for this 

book. 



You have either reached a page that is unavailable for viewing or reached your viewing limit for this 

book. 


223 


Gatisstan Quadrature 


JjdL6JLU ■ 7,4 


I Li 2n 


^ jjju>- B P{^) oJlS lj| 


rt 


f P(x)dx= Cl P{xj) 

J- 1 1 


F{x) j-f'i .n {jA ^1 cjIj jjju> P{-^) aJL>JI ^jI x^UJ 

jXJi,>J 5 ;,.r^ 0^33 (^ “ 1) A^jJl JjX> OjolS 

Lla-iJi ^(-^0 JjX;> SjJjLSJ Jjiaojl ^j| .11 4^jJl 

. I |_jjL^ Jl 4^jpll ^ P AjlXJ^ iH- 4-^jJI P Aju„^ 


fi n 


PM = E n 


X - X 


J 


Pi^i) 


i= 1 j^ i 
.;Yf 


r ' — " r - V 

P{x)dx= / Vn 

1 /- I L A^' - A ; J 


i= 1 ,/= 1 " V 

iY^' 




■•I +’ A 

lJjL>uJ J iJ->- 0 vJU 
J * ■' J 



f= 1 L J- 1 ] A, J I 

,/Y/ 

2n Cj^ Jii Ji^l ^7 V^jJl i> jjj->J1 5j^ ll»^ Ijl 
JJ ^ Jii Ipj txjlj JjjL> , J-e , UajJ i 

/^(a) = Q(x)P,M + /e(A) 

J LjJLi -7 — 1; 2, . * . f 7i J ■^''' 2^^ W 



P{xi) = G(a^)/^.(a/) + R{X^) = G(a,) ^0 + /e(x,) = R{xi) 

.jxX,j^ jjjjx^- olj;u£J D_ydl JJ^xj 

rj 

jjJxkJ 03 ^' ilH G(a) jjjt,>J| ijjjiS 4 ^j : 


/.: 


Q(x) Pff(x) t/x = 0 


4-^L1II jli ■; /-7 ^ Jjl 4^j dflj JjX-^ ^ /f(x) ^1 L(ljj 

?j 


■ 1 /= I 


^ -■■ ■■^ '■ ^ ■[-*■ 1 A. J. V J 
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ij^Si LILJ (ji Urf jpjLL>Jl 

/ I y’ 1 p fJ 

P(x)dx= I [Q(x) P,Xx) + R(x)] dx = f R{x) dx = Y^Ci R(xi) = ^Cj Fix,) 

' J- 1 J-' ;■= I i= 1 


k (7^4) .-►LL>U l"j 1 1 Ji J 

M. ., 

^ cjIjjjS j.jj_>j ^zjuI^jjJI aia 

n — 2 f 3, 4 -^ 5 ^ oiA (11.4) 

.[StS] 5 

■% ' 


C„J o.X>(jJl 

0?,/ 

n 

LOOOOOOOOOO 

0.5773502692 

2 

LOOOOOOOOOO 

-0.5773502692 


0,5555555556 

0.7745966692 

3 

0.8888888889 

0.0000000000 


0.5555555556 

-0.7745966692 


0,3478548451 

0.8611363116 

4 

0.6521451549 

0.3399810436 


0.6521451549 

-0,3399810436 


0.3478548451 

-0,8611363116 


0.2369268850 

0.9061798459 

5 

0.4786286705 

0,5384693101 


0.5688888889 

0,0000000000 


0.4786286705 

-0,5384693101 


0.2369268850 

-0,9061798459 



n = 


= 3 jJ^L J..LSJ i - 1 cosxdx 


kU .. 


/.: 


^ J-a^ (11.4) JjJJ> 


£■•'■ COS X dx ^ cos 0.774596692 


+ 0.8 cos 0+ 0.774596692) 

= 1.9333904 

lia.Wl jj5ij i. 1.9334214 JjLSuJI i>lj..iCwLj ^_uijS.>Jl 4j.^l jL>o| 

.3.2 X 10-5 ^ j5i ^1 

[- 1, 1] SjTiJi ^ J^15J J! [a,h] SjSS fa J^l£lJl ^^,1 


(16.4 ^1) 

2 x - a - h 1 

t — <^=> X = -[(/?- + b] 

b — a 2 

b'\ 0j3^ I JjL£j ji-UdLu-1 ljj& f 

1 “ m d. = f' f ( f±ZJ± rf, 




11.4 JgiTi 


1 JIjU) 


- -.j ^ I % 




iiV* 


2 


(42.4) 
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Gaussian Quadrature 


J n I 1 1 I (J LI g I ^ ^ K m 7,4 



I 4 ji^ I .( 3 . 4 } ^ bLU«-ll ~ ( 12 * 4 } 

■fi 

.0.1093643 ^ oUU^ ^ J-LSlU 


4 

3 

2 

1 

0 


n 

0*1093643 

0.1093404 

0*1093104 

0.1183197 


^iLdi 



0*1093971 

0*1094116 

0*1063473 

0.1048(357 


oi.'^abUll 




12.4 JgAj;^ 



JjLSjJI “iji sia o! 

.[- 1( 1] Jj!5l!l 

^1 (42.4) <ApL^I j»lj,,>%wb 


n = 




e 


-‘dx= - 



^'-('+-')'/i«rfr 


5JLvJli oju^ Jjlib (11.4) 




£r -(5+().S773,‘>(J2fi92]^/lf) ^ ^-{5-0.5773502692)2/10, q ] 094003 

4 




- [(0.5555555556) (0.8888888889)f"<^*^^‘^ 

4 

+ ( 0 . 5555555556 )^.-''-'^™'“''^''’] 


^ -■■ X- ^ Bp*, s A., J..*v J 


= 0,1093642 
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,(13.4) 





0.1 183197 



0. 1 093 1 04 

0.1 1 15627 


0. 1 093643 

0.1093610 

0.10991 14 

0.1093643 

0.1093643 

0.1093641 

0. 1 095009 



EXERCISE SET 




'h/4 


■035 


x~ sin A dx . ^ 


>tt/4 


{cosa}^ Ja 


/o 


- 4 

f— 

J3 Va^ — 


dx 


= dx \ 
4 


I 


1.5 


A e" ' dx 
2a 


A^ Ida i^A 


I 


A-^- 4 


^/a 


y'n/4 

1 


sin 2 a dx 


.-a 


LSuLI I 

/(a) c/a = c</(^ 1) + 



iJb-0 L£jl! I . 


/: 



.« = 3 jj-b (1) jS .2 

,n = 4 (1) jS .3 

.It = 5 (1) A 

2i\ d j c I. h 4 a jjLS- .5 

+ c/'(~l} + 4 //'(l) 

.3 -^Jl 

^ •f‘ ^ 

d ^ c L b . a 4 UijIj 1 !I 


A = af (- I) + 


4- 


iJLt 


■will ej-f? 




+ df{- l} + ef{[) 

.4 "^Jl Vj 
jL^b i/z = 2t3 iLLSil (11.4) (Jjjjv ^ ^ -7 

ju^l p^j3-JU^| , 4ju^ IjJ I j JlJL>J 


2 n- 1 c 


cj!>ULa1I jL^'^ IjLft ^ I ^ 

:, 't - . .1 L>{ . \ r ‘ ii 




^£\ 4-^j Ql^) — ^ *8 

^fi Lo i »^ 

:5^Lal] 


‘[x-i 



A ] ^ . . . f A^[ ^ £T I , . . . 

kZjlj C 


Multiple Integra 


o^a^zJLoJI Cl ILd LfiJj 1 


lyij jb^l 4ibCJl ^1^^441 b*' «..* 





j I fix, >■) dA 

R 


7-4 CMjUoJI 



\ 1^ -I i4» iriu 
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Mullipie Integrals 


olLaliiiJI ■ 6.4 




E = 


- k{h — 
540 


V im/ 2 )-] 

ypj _L 9 
3 a 4 ^ 

7 = 1 


9 ^,/(^ 2 j 9 y 2 _/) ^ ^ ^ 3 ‘^ /(^ 2 ,/-]f y 2 j- l) 

. 1 =^ 


0 A^ 


dx^ 


+ 


Vm) 

9 x^ 


{d-c)k^ f»d^f(x,[i) 


180 


i 


dx 


rjfcSUi^ iOl jj^jU jJ I 4-4^^ I f /d X^ 0^ 

O'j ^ iSjXJdu* X 4jUrfjJLj I I 1^ i i d ■ j 


E = 


-k[h- a)h* 
540 


3 «i 




[d-c)k^ /'''dVU.M) 


180 


a 


8 v^ 


dx 




i? ^ M) U 4 Ja^ 

>vljlS4i) 'ijjj^l 4_jla_j^l 4 0,j,iill yUi J LLj 9 f^^y 


Jx = ib- t/)rr-7(n^ m) 


d 


0 V^ 


,4 


a>= 

.R ^ (n< m) u 

+4 

4Aj»cJI jJ LlaiJI tn = {d — £')/ k jl L*j 



— k{b — a)h^ 
540 




c)( b 
180 



E = 


{d - c){ b- a) 
180 


h 




dx^ 


.3^ f 

+ k‘^^{^ |j) 


J 




,4 



.R ^ (4m) 


Jui L^jJ I 4 -^j|pI I ^ 0 J^ L^ 


U, 


:2.0 /»1.5 


ln(x + 2>0 dydx 


1.4 Ji.o 


i = 



.h — (XI 5 i k = 0.25 ijlaiJl j»j->^ fH = 2^H = 4 j-i-L 

0, 1/ 2; 3, 4 L^ jj Vy) JatiiJjl JaliU R ^^JauLo j ^ (18.4) ^5.iv 

^L^U- ^ fi-^h yi) - + 2>v) 4JljJJ ^hj oiUUil LAjjI .j - 0; 1, 2 j 

, J-o LSJLU I ^ S Ju? L§ ^_ju jILj jj I 


2.0 /.1.5 



ln{x + 2y) dy dx 


(0.15)(0.25) 

9 



w,- , ln(,X; + 2yj) 


E =0 /=o 



^ ■-. ^ ^ 1 4.. j..‘v J 


= 0.4295524387 
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/’tl LaJ 


3V 

dx^ 


(x, v) = 


- 6 


(x + 2v)4 


3V, , -96 

[x, >’) = 


" {x + 2>’)'^ 

y — 1 ,0 j X = 1,4; R Cli LaXjji I a^U I I j 

IjjjJXpS Ua^Jl 

96 


(0.5)(a6) 

“ 180 

< 4.72 X 10"^’ 


fv4 


(0.15) 


6 


max 


+ (0,25)^ max 


(x,>) in R (-« + 2y)'^ 


(i,v) in R (''■ + '^y)^ 



jL> Lj Li- jXjl^ I ^ I J-a LSulU 4-}L«£j I A»j<i! I j ^ 


ln(x + 2y) dydx = 0.4295545265 


■ .2.1 X l(r^ 

> y£\ ^ JljJJ ^^1 JuiL^I i>5L>j 

+4 ■►+ 

■fi «. M ^ 

jlj^l ^ Jy^L> Jjb ^IjJI wJ |» ijJl JJ^I jlj 

J-^ |JL^ A^^vLJI LeJjiP OjJlLuI ^IjJI c 


+++HI 

4JLUU 


<Lipli jSfi JjljJa j> 


a5Lo-> i 4 jJ I jJI wi la-ujjj I J J.C 9 

hgp# ' ri* ^ ri-h 4a ■*' 44 


, I JiHp L^jJ I Ji I > 1 ^l5 I, I^uLU ^j*fj L> \ ^ IjiaJ I & JJ& (jjj ^ ^j^jS 

, ( 1 ) J Ijd I a Lu Lc ^ jJ I Jj LilU (j^v ^ j* ^ I ^ ^ ^ 0^3^ 


JI) JUdI ;ijJl ^U 5 JI dLoJ 

44 -M 

J.4L52i!I ‘UlLuI JaiLSilJI Iju^ ‘i.ojLi 

R = { (x, y) I 1.4 < X < 2.0, 1.0 < y < 1.5} 


18.4 Jjfi_uj 


^ ■-;■ ■■^ '■ ^ ^ ^ 1 a.. 
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Multiple Integrals 


ojiAiZXoJl olLaliiiJI ■ 6.4 




R = {{uy) \ — ] < u < I, - 1 < V < 1 } 


1 


V = 


1.5- LO 


(2v - KO — K5), 4 u “ 


li* j->^ 4 -Jn-VJl 

■M +4 

1 


2.0- L4 


( 2 x - \A - 2.0} 


y = 0 . 25 V -h 1.25 ^ x ^ 03 u+ IJ 

^jL:^ 5 jj^L 5 4 - 4 ^ !>ULSJ olj-iAlaJJ l 5 -a |slj-iKJ.wU 


2,0 f ^\.5 

ln(A^ + 2y) dydx = 0.075 j j ln(0.3M + 0,5v + 4.2) dydu 



[A Jl.O 


i:?ljLl] I J. 


i/ 2 ~ ^2 

( 11.4 Jj 


jL.jl Lu . i!U"7 V j 1/ ij^ n — 3 aIjl3uL.jIj j .1^"^ .Ju-cs ij 

= 0.7745966692 _j mj = Vj = r^s,2 = 0 ^ mq = Vq = rjj = - 0.774596669: 

■ ^ waJI isia) f3,i = C3,3 = 0.5 J C'3,2 = 0.8 IlfJ <lia4Jjl! 

n ' 


0 At , 5 




1ii(a + 2y) dydx - 0.075 


i.4 JIA) 



+ 0.5t3j + 4.2) 


/“I 1 


= 0.4295545313 


4 _^^l SjupI^ 15 — J 4 _j^LH.# '.IuLojjlUJ ( 9 ) . 4 ->._ 4 ijJ 1 3 JJ& 

Uu 4.8 X 10"‘^ "^i l(1) JLILI ^ 

.( 1 ) JLIII 


4 


J SjL^li ^ 15 —> 
■« 

2.1 X 10 -<^ iijJL 1:^1 


'*. + •* 



4Li-L*xll ^^IjLjus iJl/lj ^jyxSL^ 4^Ljul!I IXtI I I 

I 4^l_juJl ^ aJ3^JU442L] LijUj dJL^jnJj ^jJsJ ^5 ^ i 

■w I - wm 



n d[x) 

fix . y ) dy dx 

(-^■) 


( 43 . 4 } 


fix , y) dxdy . 

( y) 


y 

( 44 . 4 ) 


(j.£ fjjjl klJvU LS(4i I L4^I l.i.'^.a.j t 4. ^U .>Jl ^ 

(10 j^I) . 4 iiIajujJ 4 .^Lju 
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ULllJI 





f{x, v) dydx 


^ \1 

» i > > 


ULMJU 


I h# #+ 





Jl 5 -wJJU 5 




jlS Jl <JU*JJU J-o iii- vU 5 j-cL5 

ih — {b u)/ 2. ji^ X ^L^aJj 5 

J-C ^ 




n fHx) 

fix, ><) dydx 

[x) 


/ 

Vij- 

/? 

i 

3 


k(a) 

3 


(t/(^) - c(x) 


j*J 

[/(jc, c{jr)) 4- 4 fix, c(jf) + /:(.¥)) + f(x, d{x))]dx 


[f{a, c(a)) + 4f(a, c(a) + kia)) + f(a, d(a))] 


4k(a+h) , , . , . 

+ [f(ci + h, c(a + h)) + 4j[a + h, c(a + h) 

+ k[a + li)) + f(a + h, d[a + /?))] 
kib) 


+ 


3 


[fib, cib)) + 4 fib, cib) + kib)) + fib, dih))] 


19.4 JAjju 
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P4(x) = g(a) + g'{a){x - a) + 


2 ! 


^'"U) 




(x — (x - ■* :: — ~ «)** 


3! 


4! 


f f[x]dx^ f 
J a J a 


g(x) - F^x) 


+ 


r faIx) 

Ja - «1 


dx 


I 


P 4 (x) 




(x- a)P 


dx = / 




k= 0 


it! 


{x-a)P {x-a)P 

3 i a j^aJLj J LulS^ ^ 3 

4 

Tn 



u' 


(jc - a)'" P dx = ^ —j — -(b - a) 

kl[k + 1 - p) 


_ '-P 


^(x) ^ /^4(x)j^bb' JjJj> ^ jiax 

. [a, /?] 5 i< 


■4A 



^ IJJb 


(46.4) 
u! 



JjlllJl h)Jl\ &jj» t-ii-AJ ^’\ 

J^(x) - A(x) 


1 


a 


(.X - a]P 


dx 


a<x<b 0 'S 01 

{x-a)P 


*iji »j J*j V I jj3 J 


= G(x) 


G ec^[a, 



= <7 'jj 

,-t= 0, 1,2, 3, 4jiJgt^){fl)„ jaiiy /^“{a)j0< p< l^iU 
_[ci, h\ G JijLiu jAIJ j^i..ij.a..„i 3Apl3 ,3^jJa4 twyl^j 






( 46 ^ 4 ) d < 1-^1 1 ^ 



5 * 


h “ 0.25 j-^Lf sjutls |ijii-JL*jLL*> 


I 


1 ^.v 


^Jx 


— dx 


^ X — 0 5JljJJ 4_ajljjl jjJjb' SjjiS* W 


1 JUb 


7^4 

^ ^ ^ X” X' X 

fx] - l-hjt+— +— + — 

2 6 24 


I 


P^ix) ^ 
;=- dx 

y X 


0 ^ /o J-LlliU ^ j 5 s] 



,-- 1 / 2 + ^ 1 / 2 ^ 1 ,, 3 / 2 + 1 ^, 5/2 

2 6 




lim 

A'/^ 0 + 


2 :,- 1 / 2 + ?jc'/ 2 + lj^ 5 / 2 + 1 

3 5 21 


+ -x'^A 

dx 

24 J 



-a^/2 


108 


JM 


1 


2 1 1 

2 + — + — + — + 

3 5 21 108 


2.9235450 


* l 3 
ui- 


\ ij jpAj -A ■ ...A. . 
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Improper Integrals 


cUJLSioJl olLaliiJjl ■ 9,4 


LlJUL^ 


i Jq O ( ) dx I ^ ) dx LSijJ I 


'jSjJ jL>o*i 


J -w 




0 < ,T < 1 jlS' Ijl 
A- = 0 lj| 


1 


(e" - P4(^v)J 

^ = f^U) 

0 


l,X^ ‘USjII {jj.i>i.jLaii.i.» 0^1 {14.4) JjX> 

0 j^,.'.;.0....> »v!L£lij pla Jj3CLvI jl 



G{x) dx 


0.25 


0 


3 


[0+ 4(0.0000170} + 2(0.0004013) + 4(0.0026026) + 0.0099485] 


= 0.0017691 


1 


-r-JM 2 l! jJ > 

e, " J 


f/A= 2.9235450+ 0.0017691 = 2.9253141 


0 

G aJIjJO Oj).,. M .,. pj,c!i j! 

jaJL Oi^ uL 5 -[t), 1] ^ < 1^1 Lw 

1-0, ^,4 

(0.25)^ = 0.0000217 


180 


La LLo 



4j]^jh[ 3JI ^jnJiij-'i i I AjL^JJI JIJIaII JL^L^uJI 

■4 

'^Jj^ ,Cl I 4.J 1 ^ 111 4JaJZj ^ ^ *i'*.*' ^ ^ j 1 ^ 111 4 i'>fl * 4 (jljLi,.i 

^ Ja»JI z = - X, dz = - dx i_}JioyCi\ dUj 


po r — a 

/ f{,x]dx= I f{-z)dz 
J a J—h 


(47.4) 


(24.4 JJLii 5-LU SjLi i-LaJ J ^jJl 



14.4 ijg Aj;i 


6'{a) 

X 

0 

0.00 

().()()()()] 70 

0.25 

().0()04013 

0.50 

().()026()26 

0J5 

().()( )99485 

1. 00 


24.4 iJL^ljjj 


\ 1 ^ 1 . l,.U .1.. J..*v J 


IT* 
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^ < c < h jjtj ’i^ujso C Si Li ilalj 4J ^jJi J^mUI JXi J-sLtj 

Cj^ ilii: SjLi iatiU ^Ij 

rh ph 

I fix) dx - I fix) dx + / /(x) dx 
J a J a J € 

Jj LSuJ I ;jj£L . JjLSjj cjLL^ 

1 f 3 ^ I I ^ 0 ^ 


a 


1 

xf’ 


dx 


i^Ij-^oLjL 0 lSj=^ fljLi <l=iiiju JjlSj ^1 \jL&t JwJj->o .p^ 1 

^Lidl 

t — x~\ dt — — x~^ dx 

JJil 

dx = - dt = - t~^ dt 


^ 00 

L 


I ,0 

dx = 

-M/a 


jfti pi/ a j 

I ~ ~ I /2-p 

JUa ' ^0 ' ' 




dt 


^ij JjLi) ^1 f{x)dx JiJi JjLSjJI jjaIII Jjj^ ijp iiljLij 

jAwiaJI ^ 


> 


/(x) dx = 


u 


I 


I /a 


r^f dt 



(48.4) 


L^L.j' ^ 3 !! I ^ ij-eli? 4 jLi^ jilj3^!Ljlj ^J-^LSuJl li* ^3 


•-[ 


-V2 ' ^ / 

X sill - dx 

A 





/ = 


‘ .x" =<>* 


X- I 


dx - - x^ dt = 


I r/=0 

x“^^^ sin - dx = 



dt = - X ^ dx Lu 


X 


t - 1 



- 3/2 


sin^ 




1 


J 


t sin t dt 


'0 


4iljJj . f ^ 0 Sint iiljJj PaU) l^l ^1 5j^ 0, 


0 < / < 1 oL^ lj! ^ + 6^'^ 


f = 0 ^^15” Ijl 


,1/2 f^G{t) 

0 


c^[0, \]J 03 ^. 


^ ^ ■[-*■ 1 jt.. J.V J 
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Initial-Value Problems For Ordinary Differential Equations 



/(^ y) 


V 


,2 


J f{i, y) = cos(vf) 


y) = 


1 + V 


/(/,>0 = .1 


1 + f ' c 1 + r ' * 

y (2) BLLutil jJjLjtl! ^1 cll^I ; ^Lijljuu'i'^l 4.4^^ I JujLtJL* 

, ^ 4^ ji^ 

1 < t < 2, y{l) = 1; + yr = 2 * 


V = - 


V = — 


>■ cos f + 2/e^' 


r + y 

(3>-^ + 1); 


1 < ? < 2, >’{1) = 0; y sill? + r^e^' + 2y = 1 - 

^ ^ ( 3 . 5 ) 2 >^jj .6 



sin f + /^ey + 2 ’ 

, t Lf.^^ y 3') 4^4=^ jJ I 

pT 

/!>= {(?, v) \ a < l < h, —oo < y < oo] ^1 '■h 3 a (^.7 

w 

1 I , 5 La kClJLj tj 5 (0 ” 5/ ^1 ^ t ^ I Ijj^^ 6 (f ) I jjj 3 jli 1 , 8 

; SjjJ^ I A-a-iisJl J|ijL*x.a 

y^ - 1 - y, 0 < f ^ 2, y{0) - 0 J 

y' = t + >', 0 < r < 2, y{0) = - 1 . v 

2 

v' = -v+ t^e\ [ < ( < 2, y(l) = 0 
2 

y^ = — -y+ \ < t < 2, y(I) = V2^ .J 

4_jljI JuLj'i^l A-flULijJ I 5JL-iJLa J tISIjlj 

a < t < b v{«) = a 


y’ = fU. y) 


{)'j:(0} Jijjjl iLJljio >^j^.\_ci, ^ ,vo(^) = 03 ^ 

_Vt(f)=a+ / /(t, Vi-i(T)) f/i k= 1 , 2 ,.... 

J a 

.JjlSu^ Jaj^l ^ /(^ >'(^)) J^LSJiJI J-o^l. 

*■■ 

4p*4jJ I 3JL.J y3{?) j" 3'o(f) ) .^1 (0 j y2(^} 

= - V + f + 1 0 < f < 1 v(0} = 1 


,y[r) = / + e 


- r 



,UJJ ,v,i!5U 11 


kfHT +# J j 






iw) 0 



^ Li 



Euler's Method 


0^-o-j Ip^ LtfX.r* I 4 J? 4 J I | « ji^ji I 4^jJp a I I 4J3 1 ^ ^ 

... ' 1 

++ F -M + •+ ^ * F L _^ f « 

.DJJ^ I 4jJ.a^ 4^1 yl I 

p ++ » 

Jjk->Jl ,jyi? v"Jl CpjIj 4_uljjLj'il 4joiIl 4JL«JI 4 _ju jL>_>I Jl Jj 9I 4JL> Js> 

♦* * ^ ^ M T «■ # ++.^ * «■ F L _^ -F +* D _y 


rfv 

dt 


fit, y) ; a < t < b , y(a) = a 


2.5 



( 6 . 5 ) 


Euler's Method 


.± 

^Jjgl ■ 2,5 


y ^1 dUj ^ ^jrf^ cj^ >'(0 J->JJ ol ^ ^ 

jL^I j b] 5 ^ mesh points (4^LlLd LL?ll>) ilU .^Sj jJlci 


1^ I LfljJ I JJL^ jJ^_>J| jU^I 4jli iJatiLijl jJl^ ^ (J ^ 

.^^^ji^l jJl JLjlSjL-j'^I J'^L> 


* 




jj-p jUi^i J:iU^ 


^ ±?j_«2Jl IjJbj i £*] BjJti) I |^jL_mjjJLj 4-0-^ LilU I Ja l^jJ I ^jyj Ijyi Jjj ijljJl 

}iJ mesh points ijuiLjail iLHJI jLoi-lj N 

E = 0, 1; 2, , N JSi tj - a ih 

* step size 5jih ><J I Ij = {h — ct)/ N — /j.|_i — f^- L* 3 jl>-jh 1I ^.iLall 

(6,5) ijjLK-jil ^JjJl y{f) ij\ *j^y 

,'>I^JLi3UL0 


/ = 0, 1, 2, 


N 


1 iy» ‘'jLi i[a, b] ^_yLc jjl 


iJ 


v(A'+i) .v(^/) + (^/+i ^ + 2 — ^ 

LjujJ h — f/+ I — ti .i^if ^i+l) ^>d*£5 U JJlaJ 

j 2 

v(f(+i) = vfj'i) + hy'(tj) + -^>'"(^/) 


;(6-5) 4-J.. J> LaX' I iJjL*JI j2-^j .v(f) j'ij 


h~ 


,‘.Ls 



>’(/,+ 1) = }■({,■) + hf[tj, yifj)} + 

JM3> (Jjj / = 1^ 2^... , N ij-^ ^ >-(^!') ,^5"^ 

+4 ri+ 

/ - 0, 1,,.. , N - I .[Si iJ^,+i = Wi + hfih, W;) (8.5) 

■L^ 

uj5j diflerence equation SJjLstaj (8.5) iSjuJl .J 

’H' 

1^ ^ a 1 I ljj& i^jjuj 

{5.1) iLjjjjlj^Jl jiJj , 4y J.h^ LfljJ i JU^j 

X 

Euler’s Method >Ajgl oiijjjQ 

‘Luljlb'^l 4-..JiJ I ^La.« Li>^ 

■■ ft ■■ 

/ = /(/, v), a <i < b, v(^i) = Of 

:[a, h] ijjlijl ^ jLtfl^l -*b^' t> (/V+ 1) 

.Of ^^Ixljl l>jji ,M JJi kh J t(K 5 j 1.^ JsliLj ;k"|ll ~S \ II 

JJ wUl (> (Af^- I) iiis V ^11 W) . .riKj^pll 


Q9.0jiM>J' 


h= [h- a)! N 


fi g I/- 1 -S il 


1 


(1707 - 1783) gJjgi j_.Li^ 

_jiSi >_, Leonhard Euler 

jj J ai jlSa V ~f^ . I. ^ L Ji F jLiI I 

» I I Lf J 1 .'WOj,>-jjj _!*? ^ f 

1 ^ ^ 

L> k_i_r >iuJ , j ljju'iif J_j ^1 JjJs 

, 4ji-JrUjJ I klu'tjjbJll 


ALGORITHM 


cUDjjl^t 

1.5 
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■■ ■■ bi ^ bi ■ ^ ■■ -■ j ■ 
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/ = a 

w — a 
(t, Uj) 

* ^ 


.4^ 3 ^ 1 1 ^ ? ' ■ ■ ■) ^ ^ J^5J 

2 

.(w;,. ) W = w + h f (t , w) ^ 

,(ti ) t = a + ih 

3 

.(t, W) 

4 

.Ji^y 

5 



fit.^Wi)^ y\i^) = fii^.yUi)) 



'kljjL -f2.5) Jiui^ ^ jjiJ ti'iJi y(fj) 

+* M ' 

.<3.5) (^) Ji-^ ^ ^{3.5) (1) ^ 


y j 

i 

.v('w) = >’(^) ■ 

y'=fU,y), 

•i 

y(«) = a 

yih) - 

. / 

y('i) - 


y(ffl) = a ■ 

- 


^ ^ ^ ^ ► 

1(1 

— a ?i t ^ . . . ! !^ — b t 


2.5 ij. ^ fi) 



3.5 ill 








> 45 ^ 
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Initial-Value Problems For Ordinary Differential Equations bSoUJI 


y{t) = t + {l/\- r) 

>(r) = " siri 2f - \ cos 3/ + ™ 


= ±^i + ±^-2r 

5 25 25 


y(r) = f Inr + 2r 


■ r" 


J->o 


^ I ILiJkII dLL^ (2) J I J^LwJl I JjJL>Jl ,4 


= Vr^ + 2 ^ + 6 - 1 


>^(0 = ln(e^ e - I) 


4 + cos 2 - cos 2i 

yU) = ^ ^ 


2 j 2 = (/- 2 + V 2 et'- 2 ) 

h = {).[ ^ yy = y/t- {y/ 1 )'\ \ < t < 2 , v(i) = 1 J 

h = 0.2 Jjut v^ = 1 + y/i + iy/t)^, 1 < f < 3, >'(1) = 0 

h = 0.2 ( V + I)( V + 3), 0 < r < 2, y(0) - ^ 2 

•s:. 

h = 0.1 v' = - 5y + 5^- + 2^ 0 < ^ < 1, y(0) = 5 , j 

2 - 2ty 


h = 0. 1 Julc = 


h - 0, 1 jLifi >■' = 


y 


/2 + 1 ’ 

2 

1 < r < 2 


0 < r < 1, y(0) = 1 . 

-1 


1 + / 


In 2 * 


h - 0,2 juLi^ y “ t Hy^ + >■), 1 < f < 3, >■( 1) = - 2 , 




^ « ♦ 


h = 0.1 y^ = - ly + 4 fy~^ 0 < r < 1 , y( 0 } = 1 . j 

LX-& 5lia;^rf (5) ^ 4^ljuw'^l 4..o,j.gJ| J3L*J I ,7 

(5) ^ 


v(0 = / tan(lnr) 

* 

>'(0 = /^ + 


v {0 = 


t 


1 + In r 


V{!)=- 3 + 




. gL\L>Jl ILJkSI , Lid SLLuu ( 6 ) 


y(f) - \/4 - 3e y(/) = 



2t 


1 - 2 t 


'S. 


- 1 


1 4 £^- 2 ^ 

I J jJLj^ I ^ 8 

:(5) c>dj^\ ' 

V >'(r) = 



2r + 1 


V 


- V + 
t ^ 


ln(/ + 1) /^ + 1 

I I I 5J L«**j >l9 1 . 9 

1 < / < 2, y{l) = 0 

’V{ 0 = ^ 

.3'^ J 4-0-J.gjb ■' ^ .1 

i» 4_ij*^ I 3^ f I jJ I J LolSjLj 1 jj ^ I j 3 j,iii \ i^^oj jJ I I — ^ ^ ^ Jl>JLj I . 

I I ij j L^ J 

y{1.97) .3 y(L55) .2 v(1.04) .1 


.( 10 . 5 ) <JjL*J.I ,|y(/p) — Wf < 0. 1 J H ^ 


> ■ ■ , 




/ * 2 

V = V , 

• f- t ' 


; 5 JL* 4 fl ylil .10 

++4 ++ w* j 


\<t< 2 , y(l)=-l 

:v (0 = - ]/r 



• -A\ l*i.j 




ii:V* 


265 


Eu[er's Method 


.t 

>Jjgl ^>b B 2,5 


I 3‘’ ^^^X^IjJl J lJ..SJL^ I j (f) ^jnlJLJ i^jJl j>J->oLa1 

^ rim ^ ** I 

v( 1.978) 3 v( 1.555) 2 >>(1.052) ^1 

,(10.5) SJjUJil t|y(^/) ~ W/| < 0.05 -J Oj j I h I , 

: ilL.» . 1 1 

y' = - y+ t + l, 0< f < 5. y(0) = 1 

:y[?) = + t J^ (^ 

• h - 0.05 J f^= 0.2, h = i). \ ^ v{5) ^^1 .1 

(14.5) 'iJjUll ,5 = 10“® ^Jhykj, .>'(5) ^ ^^1 h JJL5* 

” — 

iiL^ ^jisi .12 

y' - - lOy, 0 < ; < 2, y(0] - I 


Oj>i^ .'‘Lu'^l .V(0 wS 


'ih = 0. 1 ^ 4 JL.JI oi^ jLi^] lajjij IjL* .y(0 = <?'>“' J->' Lf! 

'('(9.5) OAj^l (_cJL>u sijjJLJl lift Jjs 

I ^>.^ljJl JLaiLj*^!j (5) ^^ysj]l >j3^X,.iI .13 

M 2 ) SLLmII lJIjjJI i>lj.>aMil 4.^iL}A^JI 

y(2.75) j y(2.1) J >'(1.25} .1 

y(0.94) j y(0.54) .J >’(1-93) J >’(1.4) . 7 ; 

>(f) ..^> 1 ) ^_gkWl ,>^lj.'l JLaiu...> 2 Jlj ( 6 ) j.jJ^I .14 

■ (8) ^ oLLmII lTIjjJI »l J.>C u.pI ^ 4.:^UJ I 4^UUA>J| j£ji\ 

M- ', ' 


y(1.93) J y( 1.2.5) .._ 
>(0.94) J >(0,.54) .J 


y(0.93) J >(0.25) . 
v(2.75) 3 v( 2 . 10 ) 

hM 6 ^ t Mc 

E{h) = — + - CjiJ .15 

2 /? 

Lulji'il l<u£j! aJ'lA .1 


.(^) 


J JjUl Ik^'L h = 0.01 ^ h - O.l pljjvlwb ^U 1 

L> * V \ ‘ 


>' = ->■+!, 0 < 1 < 1, >(0) = 0 
SjAaII /l-di^it I— cjbaj30L*j| 5= 5x 10 ^h {h) h wuwl>-I 

l^jJl ^Jj'l!l lla3iJl ^L*i.^J (13.5) 4 JjLkJ[I I •()) It -i ^IjlI I 4.jjiaL) , 

■■ ' .ajb2l (14*^ 

i» H- p P’^. 

jLiLaJi Lk^l ijjU 

C Am 4-*,^ J , L Uj j 4 R 4j J Uj ^ jij A>J> U _v^ 0 jj I J ^ . 1 6 

ijjLptil / jL^I ijlB ^ 

di \ di. \ ^ 

— = c— + + - ^ 

df dt^ R dt L 

J>LJv oLkmj 4^'>jl ,c = 0.3 farads, R = 1.4 ohms, L = 1.7 henries t>2»_3l 

^ {/} = (.-‘>“'^"'sin( 2 r- n) 


Initial-Value Problems For Ordinary Differential Equations cjU^Lsl^JJ fLJl.iJj!JI 04 >^-qJI (JjLuj_d 


j — 0, 100 t — O.iy r(0) = 0 lili 

Look'mg at History Through Mathematics, |Ra, pp. 103-1101 ■ ^LlSJI .17 

^L£w ,^l -<JU ^3^ 

C>^ 0J-^J3^ O^J ^ (oIji-Jij) ^ A'(/) 

^ f. ^ t „ * l^ ^ ^ 

.LAjI ij^J^jjl* pb-^_«_x-o^ ^-Lijl 2 I r 4jijLj 4_ju*jj ^l lIju^ . LAjI 

d j} h jl£-*jdJ LijLji^lj c-jij'iyi ^jlaj jI liU 

'^'ijL*ILj Lptf jjjLuJi 4 JLPI jjli i ^ l^lj 

:ljUUij 

(ij^„U) _ + rh(x(t) - jn:„(f)) j = (b- d)x{t) 


dt 


di 




J J-iP h-1-4 

.pi d j-i£ 4 ju*ju jicj p(0 “ ■^ft(f)/ -^(^) jpuii jji .1 

ijLUliJ 'iJjL*^ ^1 Lpw^-Apj L^j^j 0^^ cLf^^jUIl oia 


dpU) 

dt 


- rb{\- p(l)} 


pU) J->JJ L^i.i^ l r = 0 J J /^CW - ^ = 0,02, r/ = O.ui.j ^ 

. ^ljluj /? = 1 S^jLl^I LjJul^ t — 50 ^^1 f = 0 ^ 

i-opidL t = 50 UjuuS ('^) S^piJl 2JX;>pL) jjlij •: i5jj piO ^ UjIaII . 

,:>o3ji iUu 




oj^ppSJI oajjJI |jj3 j^IjLj ^IjJo 

Highei r-Order Taylor Methods 

^1 ^Ljl>i-! LxjLi ciitL^j,Aj jl»^| jj) 4jjui& 0*^ 

^_yL>PI ^1 LLj- 5b^l .UJU^I ^yull J3I> OjUI 

J-9JI jlji< jJu^ LL^ ^I /iiLjJalJ local truncation error 

, J.E 2 J \ U«^jLyJ. I J Jr^ I J J-whAJ ^ jJ I UAJ I XJ J IxpL! 1 

h* M *** 

jj;o = a jyjl 


1=0,1,..., N-1 , LSJ i«/+] = w, + /i 0(t^, uj,) 



Jl 


Ti+l(/i) = 


>'f+i - (3'i + h0{ti. >’,)) 



iJ I I ^ ^ L^ 


,yr + 1 - y,- 


- ^ Ui, V/) 


./ = 0, 1 /V - i 


3.5 



1 1,5 '^>Sl 


^ LdpJ i 3 jia3%! I Ju^ I « I LLl^ I ^ I <Uu>t^ Ljj 
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Higher-Order Taylor Methods 


nj t 1 ^ 1 1 Q I'lj 1 1 ^ A j n 1 1 1 '] ^ ^ K m 3.5 


v' = fit, y). a < t < h, 3 ?{a) = a 
/ = 0, 1,... . N - \ JiJ Ti+i(/i) - 


h 


- fits, Vi) 


j_a 


4J'J ^ ihj>- ^ SJaSJl 1j_a Ji JUL* 4_>0_>v^l i-sjlJl V? = >K^f) 5jLt JiaJ 

^ I I j ^ I 4jt»b»j • ^ L^-ij I Ji Ln_l I Jlouuu .iJJ J ^ L^ I J.^Jb j 


l-S-l il»i iSy iJjl-Jl J-aaJl (7.5) UjUJI ^I 


h 


(fi. ^(+i) C' u-=w«) Ti+i(/j) - -y Hi) 

.[a^ /;] M ^liSL uj^ Ujiltj 

/] 

T, + l(/j)| < -M 


03 ^ jJrijI ^ ul^ 

V* +■ 

o'^jUil J->J a^LpIa^I iljUil 3 ^lji= jUjL^*^' lS^^! u 3 ^ 

oL*lfc*Jl Jji^ ^P ^ oS.o.a 0 (h^^) ijjsiM s^LU^I A^ 




jJ^UllI iJjbJl wA-> jiuJ 1} — V ^ |^|ju>%!Lrfb jJ-fjl Uj 





T^J 



Ul)l 


jb^'^ bl)jb>j 4 jii 

.77 J _^i ^ 1^ 

4 ^|jj^*^l 4 jw^l V (0 ij^ 

y' = /(f; y)r a < t < hf y(a) - a 

4 _^'jJl j,j|I_jb' J^Jl^ 'U'^Jlj Ly( 7 ) Llk-jjj Ijb .^JbsuLll i^UjjLllI ( (^7 "H 1 ) 4 J 


JL(3l>u bjli L^f+l Juu^ ij^J iJjh^ fl 


h^ 


n+ ] 


yUi+i) = yUi) + hy'it,) + yj"(?i) +•■• + 


!Lv'''>{ri)+ 

nr (rt+ 1)! 


k{^ 1 + 1 ) 


(^/) (15.5) 


C^'f ^/+ 1 ) -b 



y { 7 ) |Jtj>JJ ^ Iml I J--S I (j ^ 




*f(/, j;(r)) j'(;) = f[{^ y(f))^ y'^{^) = fff, )j{f)) 

> (15.5) ^jlxil . .J ^Ligjl 3j.a 



I 2 

>'((/-n) = v(/;} + hfUj, yifi)) + y/'(A'< ■>’(//)) +•■• 

I >i ( H + 1 

+ >’(//}) + 7 


(16.5) 


m 


in + 1)! 


i^^^ajulLI (16.5) UjbjJJ 5jfJ^LjJ.I A^yi> (^^4^ Lul 


i£ |S 4 ->J — 1 fij ^ 

!,^y^ Li^yLAsl. I 'Tsylor^ ^ 

4 .A 4 J wo JtJ . :^ 4 i?iu JiJu^ 

4 J^ jJu^ ^ IjJ I 


\ Ij _ . S. jpAJ 
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Runge’Kutta Methods 


Li9is-^9j iJJIjJa ■ 4.5 


fUSjl 



i^! J-^' /? = 0,1 2 5jj_pl j>L;^ |ij3^l .12 

y' = 1 + ; sin(?y), 0 < / < 2 , y(0) = 0 


Runge-Kutta Methods 


Ligjfi— ^gj i^ljJbi 4.5 


h+ U 

DjLdji ,.f {tf }-0 wllJ- 4 j jlLu I Lt,t_'>J I 4 _Juju L>^-^ I 

L* tjjlJ jjJljLj ^jlJ ^iUiJJ i.|JJLjJ[ 4_^Li 5 j^a-o 

M * M 

■. j_jJj I jjjJ iJ bt! I 4^^ ! y-aliLi LLa_^ Lj jS* — r^_Jj ^ J * ^ j^-AJiIajJ I 

L^liuLjjLj 4^1 xjl 1I sJ^_j , fi^f ,v) Jj 4 j>L>JI 

Sf ' l 5^ ^ Jjljt ^j ^Lljao 

. ( [I"Uj P- 33 1 1 Jlio Ji^-*' J^LSlJlj jJ.Ai!Laiil 


Js. "il^ n + \ Js- jyy "i 5.^JI 4.jj>>Jl •UMj.Lo J 5 j /(/, y) o' o^j^' 

i Jj>jj .(f, y) e D JiJj ,(^o, >’rt) G O^J iO = { {t, y) \ a < t < h, c < y < d] 

^ y^i jj CiH^ dUiSj ;q _S / 0:fj u 
fit, y) = p„it, y) + R„it, y) 


Pnit, y) = fikh >'()) + 


0/ 0/ 

- ^o)':^(f()f yo) + {y - yo) ■^(^o; >’») 
at dv 


+ 


it — f 9^ / 

”(^o. .Vo) it - i‘o)( y - yo)^=r^C% yo) 


0f2 


0f0y 


, (y- .yo}-^^/',. , 


+ 


+ 


A iz ~ yo)^ ;. f £ y*^'^ 

/d"\// dt'^~Jdv^ 



h^r 


11800 


■lj‘ J 


(1856 - 1927) 7^. j 

jJdoJ iljLu jil Js Carle Rynge 
^_'J_S -_j jJuJ I ^ 


qJoii 


^3^ |S-^J| u>7jU i1901 e-Lc j 


Martin M867 - 1944} 




) I ^ I sLJj L-o." 


•i^ _r* 


iSJtJ- 


Wilhelm Kutta 


^3u!^ 1895 frLc LftjijJa 


4^jJI Jyj 4ui^lilJl I 

Cj^ ^ , iij Uw cu IjuiiXS ' 0 Jl& 


'_4^ >AJ JLI ' . isuLu^ L L;— id-j 

V Ljj . . b 

^ 3 

Lj A 1, LJ L> 

J ■ 

.Runge-Kutta 


R„{t, y) 


1 


H+ 1 


(„+ 1). gi" y ')«-<o)'^‘-'(>'->'.)^ 3,1_4 ,. (^,m) 


nth Taylor polynomial in two variables I ;> j^^Lj y} iIljJI 

n y) Ju>J 1 ^ 5jL^ /ff 3 (^f y)j i-(^Of >’ 0 ) Jj-=^ / 'iJIjil 


\ Ij ' V. jpAj A.I m.!\,j, 


Initial-Value Problems For Ordinary Differential Equations 


illlU ji—jJl ( 4 . 5 ) J£-i .| ju_^ 


f(t, >0 = exp 


it - 2 )^ (y- 3 ) 


+ V — 7 ) 


4 4 

OjjjIS jK [ 2 , 3 ) l ) f J jj 


5j4^ ^ 


P 2 U, .v) = 2 f - 2 {l - 2 )( V - 3 ) - |(v - 3 )" 


4 



j^^JjLj jjj_> & 4_sljLitJ .^Lil^oj. *»hillj Maple i^LjJLjup 




>readlib(mtaylor) 


jho'^I jL^jb iUjj i tiij I 5 jjla!Ls 


4jL>oL^'^^I --^oLLi (jiji 


ProcO end proc 

y'i\ jlj-3l (> Jlw 11* ^ L^Jl ^Ll>J jjLb jjj^ jUoI Oi^j 

>mtaylor(exp{-(t-2)/\2/4-(y-3)^2/4)*cos{2*t+y-7),[t=2,y=3],3) 

4^UJI \JL> I BjJjuj j^jjjlj JjJl^ ^1 LgJ>L» IIa ^^3 S^j^uLLI I 

m-k 

*ijulj Jjt IJuli' 2 Sj^aA-ii I 3 JJ 61 iJlJLjLS^ IjLi ,A^JLXJJ^£J Jj, 


+* i 

|J->- 0 


4.5 JA-UJ 


JA4l 


^ -■■ ■■^ ij ^ Jr*' ' ^-. J. V.* 
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Runge’Kutta Methods 


^ 9 J iJJIjJq B 4.5 


jjLjLj ^ “j 

r+ 


1 - -(r- 2)2- 2(/- 2)(y 

4 



6 Jjij i OjLfi JJLPj 

1j_a Mapl6 ^1 ^ 


3)- l(y- 3)2 



4^ ^ /^i j J jjL^ JjJ->j ^ Runge-kutta jlSlJil ^ 

+ “w >’ + /^i) 


/! 


T"'- v) = fit, >0 + -f'U, .v) 

jj ,2 jj Uai»- tO(/l2) ^ jiS^j jjjJ UaiNj 

+4 

>’'(^) = fill .v) J /'(/, v) = y) = ^ih >'J + ^i^i >') ' 

at at ay 


4 * 



T''~\t, >>) = fit, y) + -~-f-{t, y) + --irff' >') ■ -v)- 


h df 


h df 


2 dt 


2 3y 


( 18 . 5 ) 


i-H o^LWl ill y) 1 4.^jJl UM> JjJ-> 5j4iS ^ fit + OCi , V + ^]) n^y 


j 


^ f 

a\f{t + «i, y + j3i) = «i/(/, y) + a^a\ f-{t, y) 


^)r 


( 19 . 5 ) 


<y 


+ aff -f-{t, y) + «i ■ R\{t + «!, y + [i\), 

dy 


j! 


a? f d^f f} df f 

/?](/+ ai , y + /?]) = ,fi) + a\j3i . (^ ,/i) + — -;^($ ,/i), 

2 dl^ dt dy 2 dy- 



.y + ^1 j y 6^ iUiSj t + a\ 1 t ^ 
(19.S ^ 18.5} li L u ^ v . f 


f{t,y) : Oj = 1; 


dl 

dt 


(t,y) ■ 


df h 

—(t,y) : ^^l(J£l = - 

at 2 


h 


^ifh = Ttfii^y) 

2 J 

JJJ>3 j^\ ^ ^7] J Cil 


Pi = -zf{t,y) j = I, «i = 2 


^ ■■^ '■ i- ^ ■[.*■ * 4.. j.v j 
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>') = / I f + j + “/(?, >•) I - ^1 1 ? + -,y+ 


h 


h 


h 


h 


a 


ji (20.5) 5JjUil 


h h \ f 

R\{r+ y + -fir.y) = ^ 

It 2 2'^ 8 


8 


5 jJw>-o f ^ 4^Lill 4-u 




+ -^/(^>OT7^(s^/0 


a'/ 








&:> 4ju 


^ H- 





;l5 ij 


b 


, h h 

^1 ( ^ + 2' 2 


; dJJ jJ .2 I ijj Ua.^ } u* 

Oj-^ Uii- jJ i2 ilH O* ^1 jsljij 

.LkiJi 

jIj^Lj 2 4.^^ I j^yulj ijLi^ y) i 1 1 i j" --• I 4j^ljJI ^jLx.0 

ILaDI L_ Runge-kutta 5_^L> 'L-ajJs fit + (h/2), y + (h/2) f{t, >-)) 

b% 

.Midpoint method 

Midpoint method qjJcuLugJI 0. bt 5 -iJ I ojL^jJcn 

tuo = CL, 

,^i / h h 

i = 0, I,... , N - I JSJ Uti+I = lU; + hf I ?; + -,UA; + -J{ti,LU;) 


iijliw J IW 




wV» 





^l /b + C*l f V + /^l) ij 
oyLtll I jdjjtli LjJlJ 


wiLol^ u 


I'ii 


y) = fit, _y) + ^/'(f, y) + ^^f'U, y) 

Z O 


*«■ 

(21.5) 

iJl^J I 4^UaI 2JL1 a ;3J.A ^ 


«i/(r, y) + 02 fir + 02, y + 6?/(^ >’)) 


If 

~6 


T r 


3v 


(^ y) 


/(f. y) 


iJ^y«a.>JI ^ ^ di 2 2-lij .(/j^/6) f^'ir, y) 

(21,5) aJjLaII CJ^ -Oih^) jjcdfljil I LlaiJi Jpljis ^ (21.5) iJjL*ll pljL>uLjl 

{. 

0(/j-^) jj-t ^bijLijI ijI^Lo^Lj ^Ls i3j ■ LajLjVsfcf dJjj ^cijLjJLto 

*1 ^ .aq ^IF' 


..-A\ l-t^ 
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Error control and the Runge-Kutta-Fehlberg Method 


1^ 1 1 rh Q— I i n A- 0 j ijj qJijj_big LbiiJIj pfi A ^ i 1 1 ■ 5.5 


CU L 


k = 6.22 X 10- = n, = 2 X 10^ Ij^ k 

V 0.2 s Jj-i tJiujSJ (jj Jit Lsl i'*3 = 3 X lO' 

*■*'0 ^ .30 

U), + i = Wi + a]f(ti, Wi) + «2/(f, + U2, IL'I + <52/(6 1 «'|0) 

jL^I 0(//) J->j ,>sj«ju Lki- j* i/= 0, 1.,,.., N - \ ^ J5J 

*• 

/2J fll,a2.«2 

M'C = o'> ij^ 4 ljujjl Runge-kutta ^jls o! -31 

h h 

W,-+I = Wi + 7/(6. ^,) + t /(6 +a,h, Wi + Sihfiti, Wi)) 

1 1 

h 

+ -/(/j + a^h, + yaIi. Wi + + y^/i. + yv/i/C^ii lt-'e))))- 

o 


y? 


j <^.h ^2-^ K2 j y^^ y4j y5i y^? c-uljUl 



cJjoJLil_ 9 — Lj 9_S'-^9 j QibjJb9 LbAJb 

Error control and the Runge-Kutta-Fehiberg Method 

Jil> ^UII (6.4 } J^l ^ 

Ojuft ^LoJ 4 j->'1JJ1 ^ 

^LilAJ-II ^Lil^jJl ^ i ikHjlj L^JU Sjuft 1,5 ^ 

jisJl 0 jjbj , kJljJJ 4-JljtJ I ^l^IjLLij'^l t ^ ^^1 ^^L&i I LLl>J 

«^Laj| jjU-u^ ^ J ^ JsLSJJl jji£ ^ J^ l^_ ny7 ^AdaptivB 

.(^JA-o JlJ^- Ua_>- 

, 4 I 4jl^| ilLj JjJl i^-3LJ^dLj aJL-uloj jSjj J-ali) SJL-juj dJtijb 

^ I jJcJ I 0 ia JJ^J I I L-JUf J 4 jJjC^ I ji? '^^J-^J ^ j 

g. t 

4_ii2u<^l ‘tj. ' jjl ^L.ii v(/]jJ.,>JI SJu>N i)jlr<.i»,i ‘iJujJ? 1^1 

j(a) = a jJtc fl < r < Jb JiJ v' = /(/, >■) 


5 t t 


/ = 0, 1 , . . . , — 1 JiJ uj^+i = W( + /3^0{^^, Wf, hj) 


4Laju^ U 


.0 ill jJ 


3yji iJjUi iJii. 

/=0, J,..., A^-1 iWi+i = It', + /jf0(6, w;j, /j,) 

4_JawjJ I ^aj.<?J I ^ L>2 V (t ) J-><J I 
y' = fit, >’)- a <r <h, y(a) = a 


5.5 



^^lX> ^I 5jL> 4aJs^I v4i k 0 LjJ 1 

||^ ■■-V ^ __r 1. J -J 

JjU; JJ (6.4) J.-«JI J^l 
.(7,5) J-aiJij J.^1 l.iJi 5 jU 


^ .-^ 1 .^ 
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5,5 Error control and the Runge-Kufta-Fehiberg Method 


X. 

1^ i. 1 rfa Q— I'ig A—0 \ijj qiijj_big LbiiJIj foAnJuJI ■ 5.5 


jLi iUjJ 

T,+i(/*) = -(y(^/+i) - uj,+i) 

h 

1 

= -[(j(fi+i) - wy+i) + (u,’/+r - w,-+i)| 
h 


— ii+\{h) + -(w)i+i - w/+i) 

h 


^>>JI oL^ IjJj t;+,(/j.) 6^j 

] 

- (w,+i ~ yj,+i) 

h 

I0{h") AZjjial ^LtdJI LiajJ ^ ^ Luiau Ijiit 

Ti+i(h) ^ J- (UJ; + 1 - u;; + i) 

h 

Las-Lfijjj OjIsLpJl 4 a«ij ijj lla_^ 

^ h JjLWwfij ^ Ti^i(h) La I 


rf_Hi(/i) ^ Kh 


f! 


SjiJjuJ^ Ajt^ ^ /I 4^jjl ^LjJI I Lia_^ hXUjJj 
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